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ABSTRACT

In a previous paper [6] we have identified a special class
of linear hybrid automata, called Deterministic Transver-
sal Linear Hybrid Automata, and shown that an e-reach
set up to a finite time, called a bounded e-reach set, can
be computed using infinite precision calculations. However,
given the linearity of the system and the consequent pres-
ence of matrix exponentials, numerical errors are inevitable
in computation. In this paper we address the problem of
determining a bounded e-reach set using variable finite pre-
cision numerical approximations. We present an algorithm
for computing it that uses only such numerical approxima-
tions. As a consequence, the corresponding safety problem
is decidable. We further develop an architecture for such
bounded e-reach set computation which decouples the fun-
damental computational algorithm for an e-reach set with
given parameter values from both the choice of several run-
time adaptation needed by several parameters in the variable
precision approximations.

Categories and Subject Descriptors
G.M [Mathematics of Computing]: Miscellaneous

General Terms
Theory, Algorithm

Keywords
Linear hybrid automata, reachability, transversal discrete
transition, deterministic discrete transition

1. INTRODUCTION

It is well known that computing the exact reach set of a
Hybrid Automaton (HA) is undecidable, in general. In [5,
9] several class of decidable HA have been identified. In the
recent years, research in hybrid system verification has since
focused on algorithms computing over-approximations of the

reachable states of various classes of HAs. [1, 8]. In [4], for
examples, two techniques, called clock translation and lin-
ear phase-portrait approzimation, are proposed to compute
an over-approximation of the reach set when the continuous
dynamics of a HA is more general than a rectangular HA.
In [3], a conservative over-approximation of a reach set of a
HA is computed through the on-the-fly over-approximation
of the phase portrait, which is a variation of the approxima-
tion in [4]. In [2], to solve a verification problem of a class
of HA, called a polyhedral-invariant HA (PIHA), a finite
state transition system, which is a conservative approxima-
tion of the original HA, is constructed through a polyhedral
approximation of each sampled segment of the continuous
state evolution between switching planes.

In [6], we have identified a class of hybrid automata, called

Deterministic Transversal Linear Hybrid Automate (DTLHA)*,

and shown a new approach to compute an over-approximate
reach set, with arbitrarily small approximation error € up to
a finite time from an initial state, which we shall refer to as a
bounded e-reach set. The class of DTLHA consists of linear
systems with constant inputs, for which the linear dynamics
as well as the constant input switch along the boundaries
of polyhedra, and for which the discrete transitions involved
are deterministic and transversal at each discrete transition
time. Since the linear systems involve matrix exponentials,
one however needs to carefully take into account the issue
of numerical approximations. In this paper we address the
problem of computing with variable finite precision numer-
ical schemes. We show that one can determine a bounded
e-reach set, and thus the corresponding safety problem is
decidable. We also present an algorithm that decouples the
fundamental computation of the bounded e-reach set from
the numerical approximation issues. This algorithm is addi-
tionally more flexible in comparison to the method used in
[6] in terms of allowing more efficient computational strate-
gies.

2. PRELIMINARIES

We consider the problem of the computation of an approxi-
mate reach set of a special class of Hybrid Automaton (HA)
under some assumptions on the discrete transitions. More
precisely, for a given approximation parameter ¢ > 0, and a
terminal time t¢; defined below, we wish to compute an e-
reach set for a class of HAs called Deterministic Transversal

! Abbreviated simply as DLHA in [6]



Linear Hybrid Automata. These are linear hybrid automata
that satisfy a certain deterministic and transversal discrete
transition assumption, where ¢t¢ := min{7n, T}, N is a given
upper bound of the number of discrete transitions, 7y is the
time of the N-th discrete transition, and 7T is a given upper
bound of time. We now describe the class of automata in
greater detail.

We assume that the continuous state space X C R" is closed
and bounded, and is partitioned into a collection of polyhe-
dral regions, called cells, that is

Uci=x, st ctne; =0 fori+j, (1)
=1

where m is the size of the partition, each C; is a polyhedron
such that C; # (), where C; is the interior of C;. Two cells
C; and C; are said to be adjacent if the affine dimension of
9C;NAC; is (n—1), or, equivalently, cells C; and C; intersect in
an (n—1)-dimensional facet. Here OC; denotes the boundary
of C;. Two cells C; and C; are said to be connected if there
exists a sequence of adjacent cells between C; and C;.

DEFINITION 1. An n-dimensional Deterministic Transver-
sal Linear Hybrid Automaton (DTLHA) A is a tuple (L, lo,
Zo, Inv, A, u) satisfying the following properties. (a) L is a
finite set of locations or discrete states; lo € L is the ini-
tial location; and xo € R™ is the initial continuous state:
The state space is L x R™, and an element (I,x) € L x R™
is called a state of A. (b) Inv : L — 2 is a function
that maps each location to a set of cells 2, called an in-
variant set of a location, such that (i) for each | € L, all
the cells in Inv(l) are connected, (ii) for any two locations
LU eL, Inv(l)° N Inv(l")° =0, and (i) UierInv(l) = X.
(c) A:L — R"™™ is a function that maps each location to
an nxn matriz, and (d) uw : L — R™ is a function that maps
each location to an n-dimensional vector.

In the sequel, for each [; € L, we use A;, u;, Inv; to denote
A(l), u(ly), and Inv(l;), respectively.

DEFINITION 2. For a location l; € L, a trajectory of du-
ration t € R>q for A with n continuous dimensions (07" vari-
ables) is a continuous map n from [0,t] to R™, such that
(a) n(T) satisfies the differential equation

n(r) = Ain(r) + i, 2
(b) n(7) € Inv; for every T € [0,1t].

For such a trajectory n, its duration is t, and it is denoted by
n.dur. We use X; to denote the linear time invariant (LTT)
system defined at a location I; as in (2).

DEFINITION 3. An execution x of A is defined as a con-
tinuous map x : [0,t] — R™ which is the concatenation of
a finite or infinite sequence of trajectories x = nomnz ...
such that (a) t =3, ne.dur, (b) £(0) = no(0) = zo € Invo,

2 Actually, to be precise, the invariant of a location is the
union of such cells; however, we abuse the terminology
slightly for ease of reading.

Figure 1: A deterministic and transversal discrete
transition from a location [/; to a location /; occurring
at z(m) € 0Inv(l;) N dInv(ly).

(¢) x(1e) = nk(0) = Me—1(Nk—1.dur) for k > 1, (d) x(1) =
Mk—1(T — Tk—1) for 7 € [Tk—1,7k], where 1o = 0, and 7, =
Zi:ol ni.dur for k > 1. Note that 1, for k > 1 represents
the k-th discrete transition between locations.

DEFINITION 4. Forl;,l; € L, a discrete transition from l;
to l; occurs at a continuous state x(7') at time 7', whenever
x(7") € Inv; N Inv; and z(7") = lim, ~,/ z(T) where z(T) €
(Inv;)° for T € (' = 6,7") for some § > 0.

DEFINITION 5. A discrete transition is called a determin-
istic discrete transition if there is only one location l; € L to
which x(7k) can make a discrete transition from l;. Further-
more, for € > 0, we call a discrete transition a transversal
discrete transition if the following condition is satisfied at
x(T):

(@i(Te),7ia) 2 € A (2;(7h),70) 2 ¢, 3)
where Ti; s an outward normal vector of dInv; at x(7y), and
zi(e) = Aix(i) + wi, and (1) = Ajz(Tr) + u; are the
vector fields at x(11) evaluated with respect to the continuous
dynamics of location l; and l;, respectively.

Fig. 1 illustrates a case when z(7%) satisfies such a deter-
ministic and transversal discrete transition conditions. Note
that if z(7%) satisfies a deterministic and transversal discrete
transition condition, then z(7) must make a discrete tran-
sition from a location I; to the other unique location ;. Fur-
thermore, the Zeno behavior, an infinite number of discrete
transitions within a finite amount of time, does not occur if
a discrete transition is transversal discrete transition.

DEFINITION 6. A continuous state in X is reachable if
there exists some time t at which it is reached by some exe-
cution x.

DEFINITION 7. A bounded reach set, denoted as Ri(zo),
of a DTLHA A is defined to be the set of continuous states
x(7) reachable for some time T € [0,t] by some execution x,
from xo € Invg.

DEFINITION 8. Given € > 0, a set of continuous states S
is called a bounded e-reach set of a DTLHA A over a time
interval [0,t] from an initial state zo if Re(zo) C S and

Yy €S, 3z € Ri(xo) st. ly—z| <e (4)



The specific norm that we use in (4) as well as the sequel
is the ¢so-norm. Its advantage is that the neighborhoods it
induces are polyhedra, in fact hypercubes.

Our results and computational procedures also address the
following Safety Problem: Does the state enter the “unsafe”
set of cells corresponding to a specified location within a
specified finite time 7?7 Our results show that except for
the degenerate case where the state hits the boundary of
the unsafe set for the first time at exactly T, the problem is
decidable, and that our algorithm resolves this question.

Throughout this paper, we use D:(P) to denote the set
of states reached at time ¢t from a set P at time 0. We
also use D¢(P,y) to denote an over-approximation of D;(P)
with a approximation parameter v > 0, and calling it a -
approximation of D;(P) if it satisfies (i) D:(P) C D(P,7)
and (ii) du (De(P), De(P,7)) < v where dy (P, Q) denotes
the Hausdorff distance between two sets P and Q. Note that
Do (P, ) is simply a vy-approximation of the set P.

3. BOUNDED €-REACH SET OF A DTLHA

In this section, we first present the theoretical results for
bounded e-reach set computation developed in [6]. Then,
we consider the issue of finite precision computation in com-
puting such a bounded e-reach set.

3.1 With Infinite Precision Calculations

The approach that we use to compute a bounded e-reach set
of a DTLHA from an initial state zo in [6] is that for given
parameters § and 7, and a sampling period h, the reach
set is over-approximated by the union of D;(Bs(zo),7), a -
approximation of a polyhedron of D;(Bs(x0)) at each sample
time t where Bs(zo) is a polyhedral neighborhood around
zo and Dy(Bs(xo)) is a set of states reached at time ¢ from
Bs(zo). Here, D¢(Bs(xo),y) is in fact an over-approximation
of the reach set from Bs(zo) in which the reach set from zo
is in turn contained.

In this approach, the parameters §,7, and h are critical in
computing a bouned e-reach set. More precisely, h has be
chosen for a given « so that D, (Bs(xo)) C D¢(Bs(xo),) for
T € [t,t+h]. Furthermore, 6 and « have to be chosen so that
(i) If there is a deterministic and transversal discrete transi-
tion, it can be determined by D;(Bs(zo)) and Dy (Bs(xo), )
and, (ii) The diameter of a polyhedron D;(Bs(xo), ) at each
sample time ¢ has to be smaller than a given e. In this re-
gard, the following results were shown in [6].

LEMMA 1. For a given v > 0, if a sampling period h
satisfies the following inequality in (5), then D, (Bs(zo)) C
Ds(Bs(x0),7) for T € [t,t + h] for each sample time t.

h<% (5)

where 0 := maxy, cL{||Ai||Z + ||ui]|} and T := maxzex |||

LEMMA 2. For a given € > 0, a given DTLHA A, and a
given location l; € I , there exist § > 0, v > 0, and h > 0
such that the followings hold:

(i) dia(D¢(Bs(xo),7)) < € for each sample time t,

(is) Ifx(1) € (Inv;NInv;) for somel; € L, then D¢(Bs(xo))
C InvE where (1) is the reach set of A from xo and
T € [t —h,t], and

(ii1) Let Ji; := Di(Bs(zo),v)NInv;NInv; for somel; € L.
Suppose J;.; # 0. If (7) € Inv; such that T € (t —
h,t), then there exists a 8’ > 0 such that Bas (z(7)) C
(Inv; UInvj). Furthermore, there exists a A > 0 such
that h < A, Jij C Ji;, and

U Diw) c Inwy)® Ve (r,r+4),  (6)

Ve,

where J; ; := Bsr (x(7)) N Inv; N Inv;.

In summary, the above results state the following: (i) For
any given v > 0, a sampling period h > 0 can be determined
so that the reach set can be over-approximated. (ii) If there
is a deterministic and transversal discrete transition, then
this event can be determined by the over-approximation of
the reach set with some sampling period h and some over-
approximation parameters § and y. Now, we elaborate in
more detail on the result given in Lemma 2, especially on
(ii) and (iii), to develop some conditions which are used in
Section 5.

LEMMA 3. For a given location l., if Di(Bs(x0)) C InvS
and Di—n(Bs(zo)) C Inve for some 6 > 0 and h > 0 where
Bs(zo) is a d-neighborhood of the initial state zo, then there
is a discrete transition from the location ..

PROOF. Note Di(z0) € Di(Bs(xo)) where Di(xo) is the
reached state at time ¢ from zo. Similarly, D:—p(zo) €
Di—n(Bs(zo)). From the hypothesis, Di(zo) € Inv® and
Di—n(zo) € Inv.. This implies that there exists 7 € (t—h, t)
such that Ds(xo) € dInvg for s € [t — h,7) and Ds(x0) €
d(InvS)° for s € (7,t]. Hence there is a discrete transition
at some time 7 € [t — h,t]. O

LEMMA 4. For a given Py, suppose that there is a discrete
transition from a location l. to some other locations, i.e.,
Py C Invcc and Pi_p C Inv. for a given polyhedron P; and
for some h > 0. Then the discrete transition is deterministic
if there exists a location l,, such that l, # l. and Py C Inv,.

PrOOF. By Definition 5, the result is trivially true. [I

LEMMA 5. For a given Py, v > 0, and h > 0 satisfying
(5), suppose that there is a deterministic discrete transition
from a location l. to a location l,. Then for any e > 0, the
discrete transition is transversal if the following conditions
hold.

(i) h < (dia(Ten)/2)/(20),
(1) Do(Tein, dia(Ten)/2) C Inve U Inv,,

(iii) (e, ) > € A (i, 78) > €, Vo € V(TLn)



where Jen = Do(Pe,v) N Inve N Invn, Jip = Do(Tepn,
dia(Ten)/2) N Inve N Invy, T is as defined in (5), V(P) is
a set of vertices of a polyhedron P, and &; is the vector flow
evaluated with respect to the LTI dynamics of location l; € L.

PROOF. Under the assumption, we first show that 7, #
() and it is in fact an over-approximation of the deterministic
discrete transition state z,, € Inv. N Inv,. Since there is
a deterministic discrete transition from Il. to l,, Pi—p C
Inv. and P; C Inv,. Thus J.,, # 0. Notice that P;_p, C
Do(Pe, 7). In fact, Uszep,_, 2(7;2) C Do(Py,7y) for 7 € [t —
h,t] where z(7; 2) := etz + N e“e*u.ds. Hence, if we let
D-(zo) be a state reached from an initial state zo at time
7, then D; € Do(Py,y) for 7 € [t — h,t]. Furthermore,
D,/ (z0) € Do(Pr,v) N Inve N Inv, for some 7 € (t — h,t)
since Dy_p(x0) € Inve and Dy(zo) € Inv,.

Note that ||z(h;z) — z|| < ©h for any z € J.,, and h > 0,
where z(h; z) is the state reached from z at time h under the
LTI dynamics and o is as defined in (5). Then, (i) implies
that ||z(h;z) — z|| < dia(Je,n)/2. This in turn implies that
z(152) € Do(Ten,dia(Ten)/2) for 7 € [0,h]. Therefore,
z(1;2) € Inv, for any z € Jen and for all 7 € [0, h] by (ii)
and (iii). [

3.2 With Finite Precision Calculations

The results in Section 3.1 rely on the assumption that the
following quantities can be computed exactly:

o x(t;x0) = ey + fg e uds.

e The intersection between a polyhedron and a hyper-
plane.

However, these exact computation assumptions can not be
satisfied in practice and we can only compute each of these
with arbitrarily small computation error. Hence, in this sec-
tion, we extend the theory to incorporate the numerical com-
putation errors.

3.2.1 Approximate Numerical Computations

In the sequel, we use a(z,y) to denote an approximate com-
putation of x with y € R as an upper bound of the approx-
imation error. The precise definition depends on the types
of x:

e If z is a vector or a matrix, then ||z —a(z,y)|| < y.
e If z is a set, then dy(z,a(z,y)) <y where du(z, z) is

the Hausdorff distance.

In computing z(t; zo), we assume that a set of approximate

computations, specifically, of a(e?, o), a(fot eATdr, o), a(A-

b,op), and a(u+v, 0,), are available for given approximation
€rTors Ue, 0y, 0p, and o,. From these approximate computa-
tional capabilities, we can derive an upper bound on the ap-
proximation error, denoted as pg, for x(t; zo). We first note
that, for all approximate computations a(x,y) that are used
for computing z(t; zo), we have (z —y - Lnxm) < a(z,y) <
(z + 9y - 1oxm) where x € R™™ and l,xm is an n by m

matrix whose every element is 1. With this, we derive u, as
follows.

At

At
e’ —0e1uxn < ale

At
7Ue)§e +Ue'1n><n7

{(€* = 0e - Luwn)[wo] = 7y Lusa} < al(e*'0,0,)
S {(eAt + oe - 1n><n)|$0| + Op * 1n><1}-

Similarly,
Y -

{(/ € ¥ds —0; - Lnxn) - |u| —op - 1nx1} < a(/ e ¥ds - u,0p)
0 0

t
S {(/ eASdS"_O'i'lan)'|u|+Up'1nX1}-
0

Hence, we have
z(t; x0) — 02 < al(x(t;20),0z) - u < x(t; o) + s,y

where 0, := (20p + 04) - 1nx1 + (0c|zo| + oi|u]) - Lnxn.

Now, we define p; as the maximum of d, over the continuous
state space X and the control input domain U,

@ = Oz} 7

po =m0 @)

In addition to the above approximate computation a(x,y)

of z(t; o), we also assume that an approximate intersection

computation between two polyhedra P and Q, a(PNQ, u.),

is also available for given approximation error .. Since

PN Q is also a polyhedron, dg(P N Q,a(P N Q, ) < pc.

3.2.2 Some Preliminaries on Finite Precision Calcu-

lations
In this section, we extend the result given in Section 3.1 to
relax the infinite precision computation assumption. Espe-
cially, we extend the results in Lemmas 1, 3, 4, and 5. We
first discuss how the result in Lemma 1 can be extended
under finite precision computation.

LEMMA 6. Let p > 0 be an upper bound on the approzi-
mation errors of a(x(t;xo), p) and a(x(t + h;xo), p) for an
LTI system & = Ax + u for some time t > 0 and h > 0.
Then if h satisfies h < (v — p)/(JAl|Z + ||u||) for any given
v > p, where T is as defined in (5), then the following prop-
erty holds:

U x(r2) € By(zlt;20)), Vreltt+h. (8)

z€B, (x(t;xg))

PROOF. Note that a(x(t; o), p) € By(x(t; z0)) where B, (y)
is a p-neighborhood around y. Also note that for any z(t) €

X,
t+h
/ i (s)ds
t

(Allz + llul))h.

Since h < (v — p)/(|A||Z + |Ju||), we see that ||z(t + h) —

z(t)|| < y—pfor any z(t) € X. Hence for any z € B,(z(t; z0)),
x(s;z) € By—p(2) for s € [t,t+ h]. This implies that for any

2 € Bp(x(t; 20)), lz(t; w0 — x(s; 2))|| < [a(t; m0) — 2l + ||z —

z(s;2)|| <~. O

[zt +h) — 2@

IN

IN



It is straightforward to extend the result of (i) in Lemma 2
as shown in the following Lemma.

LEMMA 7. For given P, € > 0, and p > 0, if dia(P) <
€ — p, then dia(P) < e.

PROOF. P C Dy(P, p) since du (P, P) < p. Also dia(Do(P,

p)) < € since dia(P) < € — p. Hence dia(P) <e. [

Now we address the issue of numerical computation error in
determining a deterministic and transversal discrete transi-
tion. The conditions developed in the following lemmas are
sufficient in that if they are satisfied by a given polyhedron
P with a given approximation error p at time ¢, then there
is a deterministic and transversal discrete transition at some
time 7 € [t — h, t].

LEMMA 8. For given Di(Bs(x0)), p > 0, and a location
le, if ﬁt(B(s(m’o),p) C InvS and ﬁt,h(B(s(xo),p) C Inv. for
some & > 0 and h > 0, then there is a discrete transition
from the location ..

PROOF. Since dg (D:(Bs(z0)), Di(Bs(0))) < p, Di(Bs(x0))

c D, (Bs(zo), p). Similarly, Dy—p(Bs(z0)) C Di—n(Bs(zo), p)-
Hence Dy (Bs(x0)) C InvS and Dy—1(Bs(x0)) C Inve. Then
the result follows immediately from Lemma 3. []

LEMMA 9. For given 7St, le, and p > 0, suppose that
Do(ﬁt,p) c InvS and Do(ﬁtfh,p) C Inv. for some h >
0. Then there is a deterministic discrete transition from
le to ln if there exists a location l, such that l, # l. and
Do(Pr, p) C Invy,.

PRrROOF. The assumption implies that there is a discrete
transition Afrom the givenA location [. by Lemma 8. Since
P: C Do(Py, p), and Do(Py, p) C Inv,, we have P C Inv,.
Then by Lemma 4, the conclusion holds. [

LEMMA 10. For a given Py, and gwen p >0, v, andh >0
satisfying the hypothesis given in Lemma 6, suppose that
there is a deterministic discrete transition from a location l.
to a location l,. Then for any € > 0, the discrete transition
is transversal if the following conditions hold:

(i) h < (dia(Jen)/2)/(20),
(ii) Do(Ten, dia(Ten)/2) C (Inve U Invy,),

(iii) (Ge,@) > €A (En,7) > €, Yo e V(IL,),

where Jen = Do(Py,y + p) N Inve N Invn, Tt i= Do(Tesns
dia(jc,n)/Q)ﬁInvcﬂInvn, and x;, 7 are as defined in Lemma

PRrOOF. Note that Do(Py,v) C Do(Py, v+ p) since dp (Py,
75,5) < p. Then, by the definition of J. given in Lemma

5 and Jen, we know Jon C Jem. Hence, Jon # 0 and
furthermore, it is an over-approximation of the deterministic
discrete transition state as shown in the proof of Lemma 4.

By the same argument used in the proof of Lemma 5, if (i)
holds, then z(7; 2) € Do(Te,n, dia(Je,r)/2) for T € [0, k] and
for any z € J.. Hence, (ii) and (iii) imply that D, (Je,») C
Invy, for 7 € [0,h]. Therefore, the conclusion holds since

jc,n C jc,n~ U

4. ARCHITECTURE

In [6], we have shown that an approximate bounded reach
set of a DTLHA from an initial condition zo in an initial
location lp can be computed with arbitrarily small approx-
imation error € under the assumption that every discrete
transition is deterministic and transversal. We also have
proposed an algorithm for such bounded e-reach set compu-
tation. Algorithm 1 shows the main computation steps of
the proposed algorithm where Bs(zo) is an d-neighborhood
of a given initial state xo, D¢(Bs(z0),7) is a y-approximation
of D¢Bs(xo), and h is a sampling period corresponding to
the value of v satisfying an over-approximation condition
derived in [6]. Note that R returned from the algorithm
is in fact a bounded e-reach set as stated in the following
theorem.

THEOREM 1. Given input (A, N, T,lo, xo,€), Algorithm 1
terminates in a finite number of iterations and returns R, a
bounded e-reach set of A from xo € Inve up to time ty :=
min{7n, T}, if x(7k) satisfies a deterministic and transversal
discrete transition condition for every m, <ty.

M

R = U Dimn(Bs(xo),7) (9)

m=0

where 6,7, h are the values when Algorithm 1 returns and M
is a value such that Mh € [ty,t5 + h].

Algorithm 1: An algorithm proposed in [6] for a bounded
e-reach set of a DTLHA A from an initial state xg € Invg.

Input: A, N, T,lo,xo0,€

Initialize § and ~ with arbitrary positive real values.
e Initialize t = 0, jump = 0, and R = 0.
while true do
Compute Bs(zo) and h from +.
Compute D¢(Bs(zo)) and D¢ (Bs(xo),y)-
if dia(Dn(Bs(zo),y)) > € then Reduce §,y and goto e.
if discrete transition then
if deterministic N\ transversal then
t < t—+ h, jump < jump + h,
R+ RU Dh(Ba(CL‘o), ’y)
else Reduce 4,y and goto e
elset + t+ h and R + R UDp(Bs(zo),7)-
if (¢t >1T)V (jump > N) then return R
end

In the above algorithm and accompanying theoretical results
for bounded e-reach set computation in [6], we have not ad-
dressed the issue of computation with finite precision. More-
over, even though the proposed algorithm can compute a



bounded e-reach set correctly, it is far from efficient in terms
of computational efficiency since the algorithm restarts its
e-reach set computation from an initial state whenever the
values of § and 7 are changed. Moreover, the algorithm does
not provide any flexibility in choosing the values for ¢ and ~y
whenever the algorithm needs to be continued with different
6 and +y values, since one specific decision rule resulting in
0 and « which are monotonically decreasing is tightly em-
bedded within the algorithm. We address all these issues in
this section.

It is helpful to take a top-down approach since we want to
address modularity, flexibility, and architecture. Hence we
begin by presenting an architecture for bounded e-reach set
computation followed by a new bounded e-reach set algo-
rithm which is based on the theoretical framework developed
in Section 3 so that the overall computation process can be
better optimized in terms of the computational efficiency
and flexibility.

We first discuss the overall structure of computation of a
bounded e-reach set of a DTLHA from an initial state. One
of the main objectives of the design, which also includes a
new algorithm, is to provide flexibility. We argue that this
can be achieved by decoupling the part where decisions are
made, called Policy, and the part where some specific steps
of computation are performed, which is called Algorithm in
our context but called Mechanism in some other contexts.
Fig. 2 shows a proposed architecture based on this design
principle.

In general, a bounded e-reach set computation of a DTLHA
can be described by a modeling or description language.
The System Description module contains information about
the system, described by a modeling language; it consists
of X the domain of continuous state space, the DTLHA
A, and an initial continuous state o, an initial location Iy
(i.e., discrete state) where zo is contained. Also, to specify
the required computation, we need an upper bound 7' on
terminsal, an upper bound N on the total number of dis-
crete transitions, and an approximation parameter ¢. The
data generated by the System Description module, called
SystemData, is stored in the Data module which can then
be used by the rest of the modules in the architecture. With
the inputs from the Policy module, the Main Algorithm con-
tinues e-reach set computation utilizing Sub-functions and
functions from the Condition Checking module until it ei-
ther successfully finishes its computation or cannot make
further progress which happens when some required condi-
tions are not met. If the algorithm encounters the latter
situation, then it returns to the Policy module indicating
the problems that the Policy module has to resolve so as
to continue the computation. In making a decision, the
Policy module may need to access functions in the Con-
dition Checking module. During the bounded e-reach set
computation, the Main Algorithm stores its computational
state in two data structures, called ReachSetHistory and
DiscreteTransitio- nHistory. ReachSetHistory contains
the computation results and the information used to produce
the results at each step of computation, described in more
detail in Section 5.1. Omne of the most import benefits of
maintaining this information is that the computational ef-
ficiency can be reduced significantly since the computation

Condition
Checking

System
Description

$ v

Main Algorithm

‘ Sub-function ‘ Sub-function ‘ Sub-function

Figure 2: Architecture for bounded e-reach set com-
putation

does not need to be restarted from the initial state when-
ever new parameter values, such as a smaller ¢ and -, have
to be used to continue the computation. Under this archi-
tecture, the Policy module can go back to any past com-
putational step and make the Main Algorithm restart the
computation from that point. Maintaining this information
in DiscreteTransitionHistory, also contributes to improv-
ing efficiency of the overall bounded e-reach set computation
process.

S. ALGORITHM

In this section, we first propose an algorithm for bounded
e-reach set computation of a DTLHA with the infinite pre-
cision computation assumption. Then, we extend this algo-
rithm for the finite precision case.

5.1 Infinite Precision Calculations

In computing a bounded e-reach set, the following set of
questions need to be answered at each step of computation
in the Main Algorithm to produce a correct result.

e Is the diameter of a reach set at current time step less
than the given €?

e Isthe given over-approximation parameter v large enough

so as to contain all the state evolution during the given
time interval h?

e Is there a discrete transition?

e If there is a discrete transition, is the discrete transi-
tion a deterministic discrete transition?

e If there is a deterministic discrete transition, is the
discrete transition a transversal discrete transition?

If any of these questions except the third one is answered
‘no’, then the Main Algorithm cannot make any further
progress and the Policy module will need to be invoked to
resolve the problem by determining the values for the pa-
rameter J,y, and h. It also needs to specify from which past
computation step the computation should resume.



The proposed algorithm for bounded e-reach set computa-
tion is decomposed into roughly two parts, the Main Algo-
rithm module and the Condition Checking module.

The Condition Checking module consists of the following set
of functions which are based on the results in Section 3.1.

IsEpsilonSmall(P,€). This function returns true if dia(P) <

€, where dia(P) denotes the diameter of a given polyhedron

P.

IsOverApproximate(y,h). This function uses the result in
(5) to check the over-approximation condition, i.e., true if
h <~/.

IsTransition(P,l.). This function returns true if P C
InvS and false if P C Inv.. If a given P has nonempty
intersection with both Inv. and InvS, then other values of
6 or h need to be used to resolve the ambiguity.

IsDeterministic(P,l.). For given input, this function re-
turns the location I, if there is a location [, € I which sat-
isfies the hypothesis given in Lemma 4. Otherwise it returns
error.

IsTransversal(P,~, h,l.,l,). For given input, this func-
tion returns a set Dp(Ten,y) \ Inve if the conditions (i),
(ii), and (iii) given in Lemma 5 are satisfied. Otherwise,
it returns error. Note that Dy(Te,n,y) \ Inve is an over-
approximation of the exact discrete transition state and the
bounded e-reach set computation continues its computation
from this set at a new location [,,.

These functions are used in the Main Algorithm as described
in below. Roughly, the Main Algorithm consists of two part.
The first part is a function called ReachSet(:) which is the
main function to compute a bounded e-reach set and the
second part is a set of function called Sub-functions which
are called by ReachSet(-) during its computation. We first
describe the functions defined as a Sub-function.

ReachNext(P,v,h). For given input, this function returns
Dy (P), the linear image of a polyhedron P under a linear
dynamics, and Dp(P,~), an over-approximation of Dp(P)
for a given over-approximation parameter -y.

To compute these polyhedra, it exploits the fact that the
polyhedral structure is preserved under a linear dynamics in
the following way. For a given polyhedron P, it first com-
putes V(P) which is set that contains the vertices of P, and
possibly some other points in P. (The reason for allowing
some other points that are possibly not vertices is because
P is itself computed as the linear image of a finite number
of points, and we would like to avoid the need to compu-
tationally determine precisely which remain extreme points
under the linear map). Then for each v; € V(P), it com-

putes v;(h) 1= e + foh e**uds where A and u is given by
a linear dynamics of a location on which the linear image of
P is computed. If we let Vi (P) := {vi(h) : v € V(P)}, then
the convex hull of V3 (P) defines a Dy (P). From Vj,(P), this
function can also compute Dy, (P, ) easily. For each v;(h) €
Vi (P), it first constructs a hypercubic 7-neighborhood of
vi(h). If we denote such a neighborhood by B (v;i(h)), then
the convex hull of the set of vertices of By(vi(h)) for all
vi(h) € Vi (P) defines a Dy (P,~). In [6], it has been shown
that Dp(P,~) is in fact the exact y-neighborhood of Dy, (P).

AtTransition(P,Do(P,7),7, h,lc). If there is a determin-
istic and transversal discrete transition, this function returns
a location [,, to which a discrete transition occurs from the
given location [., and also returns a polyhedral approxima-
tion of the exact discrete transition state P’ from which the
bounded e-reach set can continue at a location l,,. This func-
tion calls IsDeterministic(P,l.) first to determine a loca-
tion I, and then calls IsTransversal(Do(P,Y),7, N, e, ln)
to determine P’. If any of these functions returns error,
this function returns the same error.

ImageAt(t,d). Even though the overall computational ef-
ficiency of a bounded e-reach set computation can be im-
proved by the proposed architecture, it is unavoidable to
restart the computation from an initial state when the value
of parameter 0 which defines an initial neighborhood around
an initial state is changed. If the algorithm encounters such
a situation, ImageAt(-) can be used to reduce the number
of computational steps. The basic idea of the algorithm in-
volved is the following.

For given input ¢ and §, the goal is to compute D (Bs(z0))

which is a polyhedron reached at time ¢ from the §-neighborhood

around an initial state zo. Note that if we know the time
interval between discrete transitions, then we can directly
compute of the linear image of a polyhedron from another
polyhedron as it is computed in ReachNext(:). As an ex-
ample, in Fig. 3, we can easily compute D, (Bs(zo)) from
Bs(z0) and Dy (Bs(zo)) from D}, (Bs(xo)) in this way. Now,
to compute Dj, (Bs(xo)) which is an over-approximation of
D, (Bs(zo)) at time 71, this function call AtTransition(-)
with (D, (Bs(x0)), Dy (Bs(z0),7),7, h,lc) as input to com-
pute D, (Bs(zo)). If AtTransition(-) returns error, then
ImageAt(-) returns the same error. Otherwise, this function
continues its image computation from the returned polyhe-
dron. Note that -, h, and [, are stored in DiscreteTransi-
tionHistory data structure at each time of discrete transi-
tion by ReachSet(-).

Now, we describe the main function, called ReachSet(-), in
the Main Algorithm.

ReachSet(k, 0k, Yk, hx). : This function computes a bounded
e-reach set by utilizing all other functions in Main Algorithm
and Condition Checking modules, given an input (k, ok, Vi, hk)
from the Policy module. For the given input, this function
first retrieves computation data at the (k — 1)-th compu-
tation step from the ReachSetHistory and starts its k-th
computation step using the this data. As shown in Algo-



D!, (By(x0)

Dy, (Bs(wo))

Figure 3: Illustration of the computation in

ImageAt(-)

rithm 2, it continues its computation until it either success-
fully computes a bounded e-reach set or encounters some
error. If there is an error from any of the functions that
are called, then this function returns the same error to the
Policy module to indicate the cause of the error. For each
types of error, ReachSet(-) expects to have a new input
from the Policy module to continue its computation.

ReachSet(-) stores its computation results in addition to the
information used for its computation in ReachSetHistory
data structure,

{k7 tk7 lk: 5767 Yk, h’k7 Dtk (B‘;k (ZI:O)), Dtk (Bék (:L‘O)a ’Yk)} (10)

5.2 Finite Precision Calculations

As shown in Fig. 4, an additional module, called Numerical
Computation, is added to the architecture of the proposed al-
gorithm. It can be thought as a collection of numerical com-
putation functions based on some computation algorithms.
As an example, a(e?,.) can be computed in many differ-
ent ways as shown in [7]. Each of these can computes e’
with different accuracy. Hence, the computational accuracy
of a bounded e-reach set computation inevitably depends on
the choice of the algorithms for computation of each of the
a(z,y)’s assumed in above. We decouple such issues arising
in the low level numerical computations from our proposed
computation algorithm , which is the reason for the separate
module for numerical computation in our architecture.

| |

! $ !
Condition Numerical
Checking Computation

! $ !

Main Algorithm

System

o Data
Description

[Sub-funcrion ] [Sub-function ] [ Sub-function ] oo

Figure 4: Architecture for bounded ¢-reach set com-
putation with numerical computation module

In the sequel, we denote by & the approximately computed
value of = using a function in the Numerical Computation

Algorithm 2: An algorithm of ReachSet(+)

Input: k, ok, Vi, hi
Result: ReachSetHistory, TransitionHistory

while true do
if IsOverApproximate (i, hr) = false then
| return error
end
Get (ReachSetHistory, k — 1) — data(k — 1)
if 5}€ 76 51@—1 then
ImageAt(tx—1,0k) = P’
if P’ + error then Dy, _, (Bs, (z0)) + P’
else return error
end

ReachNext (D, ,(Bs, (%0)), 7k, hi) —
Dy (Bs,, (0)), Dy (Bsy, (o), Yr)
where t' = ti_1 + hi
if IsEpsilonSmall (Dy (Bs, (zo),Vk),€) = false then
| return error
end
IsTransition(Dy (Bs, (zo)),lk—1) — out
if out = error then return error
else if out = false then [ < [;_1

else if out = true then
AtTransition

(Dyr (Bsy (%0)), Dr (Bsy (€0) Vi) Voo Py le—1)
if I = null VP = null then
| return error
end
jump < jump +1
Dt’(Bék (.’L’o)) «~— P
Dy (Bsy (w0),7k) = Do(P, k)
Add {t,1x, hi} to TransitionHistory.tail
end
tr < tk—1 + hi
data(k) =
{k7 thoy iy Oy Vis Pk Dtk (B5k: (:IZ())), Dik (85k (.’ro), 'Yk)}
Add data (k) to ReachSetHistory.tail
k< k+1
if (tx > T) V (jump > N) then return done
end

module.

All of the conditions to be checked in the Condition Checking
module in Section 5.1 are based on the assumption that
there are no computation errors in computing a polyhedron
D:(Bs(xo)) reachable from an initial polyhedron Bs(zo) at
time t. However, we cannot use the same conditions in the
current context where some computation errors are involved.

The functions in the Condition Checking module in Section
5.1 can be redefined based on the theories in Section 3.2 as
follows. In the sequel, a polyhedron P should be understood
as an approximate of a polyhedron P with some approxima-
tion parameter p € RT, i.e., P is an a(P, p).

IsEpsilonSmall(ﬁ, p,€). This function determines whether

dia(P) < e or not by checking the condition dia(P) < e — p.



IsOverApproximate(7, h, p). This function checks whether
the given input values satisfy h < (y — p)/U where ¥ is as
defined in (5).

IsTransition(P,p,l.). This function returns true if Do (P,
p) C InvS and false if Do(P, p) C Inv.. In other case such
as (Do(P,p) N Inve # 0) A (Do(P,p) N InvS # 0), this
function returns error.

IsDeterministir:.(75,p7 lc). For given input, this function
determines whether a discrete transition is a deterministic
transition or not, using the conditions (i) and (ii) in Lemma
9. If it is a deterministic discrete transition, it returns a
new location [,, to which a deterministic discrete transition
occurs.

IsTransversal(757 0,7, h,le, ). For given input, this func-
tion determines whether a discrete transition from a loca-
tion l. to other location [, is a transversal discrete transi-
tion or not using the conditions (i), (ii), (iii), and (iv) in
Lemma 10. If it is a transversal discrete transition, it re-
turns Do(Dn(Te,n), ptz) \ Inve where J.p is as defined in
Lemma 10. Note that dg (Dn(Ten), Dn(Ten)) < i

To incorporate the computation error in the computation of
a bounded e-reach set, each functions in the Main Algorithm
module is modified as follows. Note that the basic algorithm
in each of these functions is the same as in Section 5.1.

ReachNext(ﬁ, p,7,h). Here, an input p is an approximate
error bound such that dg(P,P) < p. For the given input,
the function returns Dy, (P) and Dy (P,~) where D(-) ia ap-
proximation of D(-). Hence, it is necessary to determine an
approximation error bound p’ such that dg (Dp(P), D (75) <
p’. Since there is only one step of image computation in this
computation, the additional computation error introduced
is just pe. Therfore, p' = p + pq.

AtTransition(P, Do(P,7), p, v, h,l.). Note that the input
p is an approximation error bound for both P and Do (75, 7).
If these polyhedra satisfy the conditions given in Lemma 9
and 10, then it returns a new location [,, to which a discrete
transition occurs, and a polyhedron P’ from which the e-
reach set computation can continue. An additional output
p’ as an approximation error bound corresponding to P’ is
also returned along with P’.

At each time of discrete transition, the algorithm intro-
duces an additional computation error p” in computing P’.
The specific value of p”’ can be determined by considering
the specific steps of computation of P’ in IsTransversal(-)
function. In fact, p” = p, + 3p. since there are one image
computation and three intersection computations in com-
puting P’. p" = p+ (pz + 3pc).

ImageAt(t,d). This function starts its computation from an
exact initial polyhedron Bs(zo) with the given § and returns
D;(Bs (o)) which is an approximate of D (Bs(x0)) at time ¢.
If we follow the algorithm of this function shown in Section
5.1, then we can see that it introduces a computation error
2z + 3ue at each time of discrete transition. One p. is
caused by the image computation within a single location
and the rest pu, 4+ 3. is caused by the computation steps in
AtTransition(-) function. Hence, if the number of discrete
transitions up to time ¢ is m, then D;(Bs(xo)) may have
computation error up to p := g + m(2us + 3puc). Note that
an additional p, comes from the image computation at the
last location. This p is also an output of this function.

An additional function is added in the Main Algorithm as
one of the sub-functions.

ErrorLTIImage(ce, 04,0p,04). This function computes py
as defined in (7) for a given approximation error bound for
each of the approximate computation functions defined in
the Numerical Computation module.

ReachSet(k, Ok, Yk, Ak, Oc, 0i, Op, Oa, ftc) . Besides the input
(k, 0k, vk, hi), an additional set of inputs (oc, 0i, 0p, a, fic)
is provided by the Policy module. Now, when a certain types
of error occurs during the execution of the algorithm, the
Policy module needs to make a decision about the choice of
the numerical computation algorithm and its corresponding
computation accuracy in the Numerical Computation mod-
ule, in addition to deciding the values for (k, ok, &, hr). Ta-
ble 1 shows an example of such a Policy. As an example,
the Policy module can reduce either the values of v and
6 or use a different numerical computation function with
better computation accuracy when an error is raised in
IsEpsilonSmall(-) function.

The overall structure and steps of the algorithm are al-
most the same as the algorithm shown in Section 5.1 except
that: (i) At the beginning of the loop, s is determined by
ErrorLTIImage(:), and (ii) An upper bound of computation
error pi is determined and it is stored at each step of iter-
ation. The complete algorithm of ReachSet(-) is shown in
Algorithm 3.

Table 1: A proposed policy

Error Policy

IsEpsilonSnall() | (74,0 1)V (0, 01,000, 1tc) |

IsOverApproximate(:) | (v 1)V (h 1)V (0c,04,0p,0a, fic) 4

IsDeterministic(-) (0)V (0c,04,0p,0a, lic)

IsTransversal(-) (v4,0) V(0e,0i,0p,0a, pic) 4

We now have the overall main result:

THEOREM 2. For a given SystemData := (X, A, lo, x0, T,
N,¢), if ReachSet(-) in Algorithm & returns done, then a
bounded e-reach set of a DTLHA A over the continuous do-



Algorithm 3: An algorithm of ReachSet(-) under numerical
computation error.

Input: k: 5]67 Yk, hkﬂ Oe;,0i50p,0a, He
Result: ReachSetHistory, TransitionHistory

while true do
Get (ReachSetHistory, k — 1) — data(k — 1)
ErrorLTIImage(ce, 04, 0p,0a) = la
if (Sk ;ﬁ 5]@71 then

ImagelAt(tx—1,0k) — {p, P’}

if P’ # error then Dy, _, (Bs, (x0)) + P’

else return error
end
p' < max{pr—1,p'}
if IsOverApproximate (vk, bk, p’ + iz) = false then
return error
ReachNext (Dtk71 (stk (1'0)), pl7 Vi hk)
- {Dt' (B5k (mo)), Dy (B5k (l‘o), ’Yk)v Pk}

where t' = tp_1 + hy and pp = P+

if IsEpsilonSmall (D (Bs, (zo), V), pk,€) = false
then return error
IsTransition(Dy (Bs, (o)), pk,lk—1) — out
if out = error then return error
else if out = false then [x < [x_1

else if out = true then
AtTransition

(Dyr (Bsy (w0)), D (Bsy, (T0), Vk)s Pros Yooy Py le—1)
- (lkv (p//’ 'P))

if I, = null V P = null then return error

pr p//

jump < jump +1

Dy (Bs, (20) & P

Dy (B5k (x0)7 ’Yk) <~ DO(P7 ’Vk)

Add {t',lx, hi} to TransitionHistory.tail

end

th < tk—1 + hg

data(k) =

{k’ iy Uk, Ok, Yios Pk, Pk Dtk (B5k (230)), Dtk (B5k (mo), ’Yk)}
Add data (k) to ReachSetHistory.tail

k+—k+1

if (tx > T) V (jump > N) then return done

end

main X from an initial state o € Invo, denoted as Rtf (z0,€),

is the following.

Ris (o, €) = | ) Di, (B, (z0), k), (11)
k=1

where K is the number of data element in ReachSetHistory,
ty :=min{T,7n}, and TN is the N-th discrete transition.

PRrROOF. Let data(k) be the k-th computation information
stored in ReachSetHistory as shown in Algorithm 3.

Then, for each k < K, (i) (y&, hk, p=) satisfies Lemma 6,
(ii) (Dy, (Bs,, (T0), V%), pi, €) satisfies Lemma 7. These im-
ply that Dy, (Bs, (x0),vk) is guaranteed to be a correct ~x-
approximation of Dy, (Bs, (z0)) by & and hy, i.e.,

U Dipsr(Bs, (20)) C Doy (Bs, (w0), k). (12)
T€[0,h]

and moreover dia(Dy, (Bs, (x0) ,7x)) < €.

If there is a discrete transition at k € K, then (iii) (Dy, (Bs,, (o)),
Pk, Ii) satisfies Lemmas 8 and 9, (iv) (D, (Bs,, (20), V&), Pk Tk,
hi, Ui, 1};) satisfies Lemma 10 where [}, is a value returned by
IsDeterministic(:) in (iii). These impliy that a determin-
istic and transversal discrete transition event is correctly
determined by Dy, (Bs, (z0)), D, (Bs, (z0), k), and pg.

Since ReachSet(-) returns done, either ¢, > T or jump > N.
This means that ¢ty is min{T, 7n}.

Therefore, we conclude that R, is a bounded e-reach set of
A from zo. [

6. CONCLUSIONS

We have proposed an algorithm for a bounded e-reach set of
a Deterministic Transversal Linear Hybrid Automaton. We
have also proposed an architecture for such computation.
The proposed architecture can reduce the overall computa-
tional cost of a bounded e-reach set computation by increas-
ing the level of flexibility in the parameter adaption process.

We have also addressed the issue of numerical computation
errors during a bounded e-reach set computation. We have
proposed an extended architecture that decouples numerical
computation issues from the bounded e-reach set algorithm
itself.
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