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Abstract—The safety of satellites is an increasingly difficult re-
quirement as launches of new satellites increase the clutter of space
environments. The deployment of new, experimental controllers is
important to increase the autonomous capabilities of satellites but may
be at odds with safety. In this work, we consolidate these two goals by
synthesizing a formally safe controller and a runtime assurance logic that
can switch between the safety and experimental controllers to guarantee
the safe operation of a satellite. This switching logic leverages reachable
and recoverable sets. We deploy the synthesized safety controller and
switching logic in a close-proximity scenarios with both static and
dynamic obstacles and show that the satellite remains safe.

I. INTRODUCTION

Capabilities of autonomous satellites are critical as space envi-
ronments are ever-changing and hazardous and the ability for on-
earth satellite operators to make decisions in real-time is hindered by
communication lag. Furthermore, the safety and optimization of fuel
usage for these satellites is essential as the longevity of the satellite’s
ability to perform a mission can drastically reduce long-term costs
of satellite missions [1]. Deployment of experimental controllers
which can handle harsh environments while optimizing fuel usage
is thus imperative. There is a large body of related research in fields
such as learning-based control [2]-[4], model predictive control [5]—-
[9], or artificial intelligence [10], [11] to construct such controllers.
However, these controllers do not formally guarantee safety.

Controller synthesis creates controllers with formal guarantees
but may not be optimal. The relevant research question is how
can we leverage optimality from the experimental controller with
the safety guarantees of the safe controller? The field of runtime
assurance (RTA) addresses this via a switching logic that switches
between the experimental and safety controller to maintain safety
while still using the experimental controller whenever possible, as
seen in Figure 1.

There are two main designs of a RTA system. Explicit switching
mechanisms choose between a proposed input from the experimental
controller and the input from the safety controller. In such sys-
tems, trajectories of the satellite are simulated over some time.
If the simulations are unsafe, the safe input is chosen. If not,
then the experimental input is used. A variety of techniques for
simulating trajectories exist. A non-exhaustive list includes single
trajectory [12], forwards reachability [13]-[15], and backwards
reachability [16].

The current state of the art is active set invariance filtering
(ASIF). Here, control barrier functions (CBFs) are used to filter
the proposed input to a guaranteed safe input. ASIF is shown
to work in linear [17], [18], nonlinear [19], [20], and multi-
agent [21] scenarios. In practice, CBFs can be difficult to compute
and recompute in real time.

In this work, we propose an RTA algorithm called Polaris
after the northern guide star that sailors used for safe navigation.
Polaris uses an explicit switching mechanism to switch between
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Fig. 1: Example satellite RTA. Safety is maintained by switching between
experimental and safety controllers. Polaris checks if the reachable sets of
the experimental controller (orange) exit a recoverable set (yellow).

a user-provided experimental controller and a synthesized safety
controller. The safety controller consists of a reference trajectory
and tracking controller. A safety envelope (recoverable set) is
constructed about the reference trajectory using stability analysis
from control theory. The reachable set of the satellite using the
experimental controller is also computed. If this reachable set exits
the safety envelope, the safety controller is used. Polaris guarantees
the safety of the system (Theorem 2), as well as reduces the
computational complexity from ASIF while being less conservative
and safer than the naive reachability approach. In Section III, we
synthesize a safety controller consisting of a reference trajectory and
a tracking controller. A recoverable set is then constructed about the
reference trajectory using error-bound information from the tracking
controller. In Section IV, we present Polaris and show that the
synthesized safety controller and switching logic guarantees safety
of the system.

Notation: The set of real numbers is denoted by R, and the set
of non-negative real numbers is denoted by R>q. The empty set
is denoted by (. Given an n-dimensional vector z € R", the 1-
norm is denoted by |z| and the 2-norm is denoted by ||z||. Given
a set A C R™, the over-approximation of A is given by A D A
and the under approximation of A is given by A C A. Consider
aset A C R" and B C R™, m < n, the projection of some
vector z € A onto B is given by = | B. A polytope is given by
Poly(H,b) = {z € R"|Hz < b} where H € R™*"™ and b € R™.
The number of rows in H is denoted by dP(H) = m. Given a
scalar x € R, the ceiling of x is denoted by [z].

II. PROBLEM STATEMENT

A linear control system A = ((A, B, D), X,U, V) is defined by
its (i) state space X C R", (ii) input space Y C R™ which satisfies
|ui] < wimax for i € {1,...,n}, Uimax > 0, (iil) disturbance
space YW C RP which satisfies ||w|| < wmax for some wmax > 0
for every w € W, and (iv) system matrices A € R"*", B €
R™*™ D € R™ P, The system state evolves according to & =
Ax + Bu + Dw where z € X, u € U, and w € W. Given
upper time bound 7" > O, initial state xop € A&, and controller
g: XX[0,T] — U, atrajectory of Ais given by £zy,9 : [0,T] — X
and satisfies &5,4(0) = zo, and for all t € [0,T], L&, 4(t) =
Al o()+Bg(€wo.q(t),t)+Dw" where w* € W forallt € [0,T).
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Consider safety controller S : X x [0,T] — U and experimental
controller U : X x [0,T] — U. We introduce a mode space M =
{0,1}, where 0 corresponds to the use of S and 1 to U. The system
dynamics are augmented to

. Az + BS(z,t) + Dw* m=0
w:f(x7t7m): t
Az + BU(z,t) + Dw* m=1
for all t € [0,T], = € X, and w® € W. Let £ : [0,T] — M be

a switching logic. Given initial state xo € X, the trajectory of A
using L is f{s‘u} : [0,T] — X and satisfies f{s U}( 0) = xo and
£elot () = Fe> (),1,£(0).

Systems in operation must typically avoid an unsafe set O C X
at every time t € [0, T]. The collection of unsafe sets over [0, T is
O where O' € O for every t € [0,T]. A trajectory & : [0,T] — X
is considered safe if £(t) ¢ O for every t € [0,7]. Then our
problem is the following. Given system A, initial set © from which
A starts, unsafe sets O, experimental controller U, and upper time
bound T" > 0, synthesize safety controller S : X’ x [0,7] — U and
switching logic L :[0,T] — M such that for every zo € ©, the
resulting £3° oz 1s safe.

Example 1 (Example: satellite control for ARPOD missions). In
satellite autonomous rendezvous, proximity operations, and docking
(ARPOD) problems, a chaser satellite must perform some operations
relative to a target satellite. In such scenarios, the state of the
chaser relative to the target can be written in Hill’s frame which
is centered on the body of the target. The relative state of the
chaser is given by the relative position and velocity such that
T = [re ry T2 Uz Uy vz}T; the input is given by the thrusts
such that w = [Fp F, FZ}T; and the disturbances are given by
w = [wy wy w;]. The relative dynamics follow the Clohessy-
Wiltshire equations & = Az + Bu + Dw where

O3x3 Is
Ao 3 0 0 0 27 0
1o 0 0 —-2n 0 of
i 0 —-n* 0 0 O
[ 033
1
B=|u 8 8 ,andD:[Oiﬂ. 6))
o0 &

Here, 033 is a 3 by 3 zero matrix and I3 is a 3 by 3 identity matrix;
and 1 is the mean motion parameter, typically 1 = 0.0012m/s? for
low earth orbits, and m is the mass of the satellite, which we will
set to be m = 10kg for a CubeSat.

As a running example, we consider the scenario where the chaser
must perform a transfer between two natural motion trajectories
(NMTs) while avoiding some obstacles. This characterizes various
types of ARPOD missions such as docking or inspection. An NMT
is a cyclic trajectory in Hill’s frame that requires no input to
the chaser. There are three types of NMTs: stationary, linear, and
elliptical. The state of any chaser in an NMT satisfies vy = —207Tz,
and (i) ro = r, = vy = v, = 0 for a stationary point,
(ii) ry = vy = 0, 7. = csin(¥), and v. = ncos(¥) for
some amplitude c and initial angle V for a linear NMT, and (iii)
Ve = 51y for an elliptical NMT.

III. SYNTHESIZING SAFETY CONTROLLERS AND
APPROXIMATING THE RECOVERABLE SET
A. Finding tracking error bounds for arbitrary reference trajecto-
ries

We first synthesize a tracking controller for .A. Given an upper
time bound 7" > 0, the system must track some reference trajectory

¢ . [0,T] — X with reference input signal '
Wthh satisfies & (t) = A (t) + Bu™'(t).

A tracking controller h : X x X x U — U takes in state z,
reference state ="', and reference input u™ and is of the form

h(a:, xrefy uref) — A(xref o 13) + 7‘Lref (2)

where A € R™*™ is a gain matrix. The related synthesis problem is
to find a value for A such that the system trajectory converges to g,
ie. the tracking error goes to 0. We use a linear-quadratic regulator
(LQR) for A. First, we define the tracking error as a function of

2" and z such that

2 [0, T] = U

ref ref

e(z™,z) =2 — x. 3)

Given h, é:ref’ Mref
satisfies
d rei rei
2 Sw0.n(t) = Ao n(t) + B(A(E "(t) = Eaon (1) + 1°'(1)) @)

for every ¢ € [0,77], and we abuse the notation to rewrite tracking
error as a function of time e(t) = e(£™'(t), £, 4(t)). The tracking
error evolves according to

ée=(A—-BAe (5)

, and initial state xo, the resulting trajectory of A4

Consider some quadratic cost

T
/
0

where M € R™™ "™, Q € R"*", and R € R™ ™. Then, A =
R™'BTP where P € R™™" is positive definite and satisfies the
algebraic Riccati equation (ARE)

AP+ PA—(PB)R ' (B'P)+Q=0. (7
The subroutine finding P satisfying (7) is solveARE(A, B, Q).

(" Qz +u' Ru)dt (6)

Proposition 1. Fix system A, some Q,R > 0, and let P =
SOlVeARE(A, B,Q). For A = R™'B"P, (A — BA) is stable.

The proof comes from the derivation of the LQR. The full
safety controller S is constructed using &, 4", and A com-
puted as in Proposition 1. Then S is computed using subroutine
constructS(A, £, 4™, which returns S(x,t) = A(£°(t) — z) +
1" (t). Given some xo € X, we can use input to state stability to
bound the distance between £ and x5

Lemma 1. szen system A, upper nme bound T' > 0, reference
trajectory & ref. reference input signal 11"® " and initial state xo, com-
pute A as in Proposition 1 and let S = constructS(A, £, ™).
Then [[€¥/(t) — Eag.s(t)]| < e0yexp(—Bt) + 2| Dllwma for some
v >0 and 0 < 8 < Amax wWhere Amax is the maximum real value
of the eigenvalues of (A — BA) and eo = ||€"/(0) — xo]|.

The proof comes from using input-to-stability to find an upper
bound on the magnitude of the tracking error at any point in time.

B. Constructing approximations of the recoverable set

In Polaris, we use recoverable sets to determine when to switch
between the experimental (U) and safety (S) controllers. If S
is deployed while A is within the recoverable set, the resulting
trajectory should remain safe. We define a time shifted trajectory
974 0 [0,T —t] — X, which satisfies £2,°¢(0) = =z, and
L0t (r) = AL (r) + BS(E%7(r), T + 1) for ¢ € [0,T],
and recoverable sets are defined in Definition 1.
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Definition 1 (Recoverable set). Given a system A, upper time bound
T > 0, reference trajectory {'ef, controller S, and unsafe set O C

X x Rsq. At time t € [0,T), the recoverable set C% is given by
Co={m e X | &5 (1)¢ 0™ Yrel0,T—1}. (8

The set of all recoverable sets over [to,t1], 0 < to < t1 < T, is
denoted by CY°'") where each C. € Ll for t € [to, t1]-

We use Lemma | and time invariance to construct an under-
approximation of the recoverable set about a reference trajectory.
The constructed safety controller should thus result in a safe
trajectory for every initial state within some initial set, leading to
Assumption 1.

Assumption 1. Consider system A, upper time bound T' > 0, initial
set © C X, and unsafe sets O° C X for each time t € [0, T]. Then
reference trajectory £ satisfies

min [[€°¥(t) — y|| > eoyexp(—Bt) + 2| Djwmax ()
yeot B

where eg = max,ce ||£(0) — z|| and y and B are computed as
in Lemma 1.

Fix system A, upper time bound 7" > 0, initial set ©, unsafe sets
O, and reference trajectory £ which satisfies Assumption 1 for
some reference input signal p® and gain matrix A. Fix arbitrary
switching time ¢ € [0,7]. We must find a set of states which is
contained within the set C% given by Definition 1. Using Lemma 1,
we get tracking error

€™t + ) — €75 ()l
IMON Efé(o)llvexp(*ﬁ(ﬂ)+%IIDIIwmax (10)

which is valid valid over 7 € [0,T — 7).

Lemma 2. Consider a system A, reference trajectory {'ef, reference
input signal ,umf, gain matrix A constructed as in Proposition 1,
and S = constructS(A, €, ™. For any t € [0,T], if z; €
Bioy (€°(8)) then [|€™/(t +7) — €.75(7)|| < rmin for all T €

[0, T — t] where 7(t) = Pmin — 5| Dllwmax
’ ymax ¢ 1) exp(—B(T—t))"

The proof follows from Lemma 1. The subroutine for computing

the under approximation is called GetRecover(A, A, O, ¢ ref T'min)
and it returns recoverable set approximation
Cs = By (€°(1)) x {3, (1)
Tmin — %HDmeax
#(t) = (12)

¥ max-ep, ) exp(—B(T — )’
To ensure safety, we get Tmin in the following way. At time
5 € [0,T], the minimum distance between £'(s) and O° is given
by dmin(s) = mingcos |[|€®(s) — y||, and the absolute minimum
distance from £ and O over [0, T] iS Tmin = minse[o,7] dmin(s).
Therefore, we must ensure that the quantity in (10) is less than or
equal to min over T € [0, 7'—t]. Note that this is a very conservative
under-approximation of the recoverable set with no disconnectivities
and that an interesting future direction is to come up with a less
conservative approximation.

C. Synthesizing reference trajectories

We use a mixed integer program (MIP) to synthesize the reference
trajectories and reference input signals for our safety controller.
Thus, we find a discrete sequence of states which can be constructed
into a reference trajectory and reference input signal. In this section,
we convert between discrete time and continuous time trajectories.

Consider system 4 with state matrix A, input matrix B, and
linear continuous time dynamics # = Az + Bu. The corresponding

discrete time trajectory is "1 = A%z* + B%u for "1 2 € X,
uf € U, and k € Z>¢. Here, § is the time step interval between
each 2" and 2", and the matrices A% € R"*" and B? € R**™
are given by

s
A% = ¢ and B® = (/ eASds) B.
0

Consider discrete time trajectory x : {0,...,K} — X and
discrete time input signal v : {0,..., K} — U of length K > 0
which satisfy x"*! = A%x* + BOWF for k € {0,...,K — 1}.
We define the functions D2C, and D2C, to convert x and u
to a continuous time trajectory and input signal respectively. That
is, & = D2C,(x,v,0) satisfies £(0) = x°, &(kd) = x" for
k € {0,...,K}, and L&(t) = AL(t) + Bvls), Similarly,
u = D2C,(v,0) satisfies u(t) = v* for t € [ké,(k + 1)5),
k € {0,..., K}, and we can see that -L£(t) = AE(t) + Bu(t)u(t)
for every ¢ € [0, K¢]. Furthermore, if we consider A computed
as in Proposition 1 and S = constructS(A, &, i), then we get a
corollary of Lemma 1.

(13)

Corollary 1. Consider system A, time step 6, length K > 0, initial
state xo and gain matrix A computed as in Proposition 1. Consider
discrete time trajectory x : {0,..., K} — X and discrete time
input signal v : {0,..., K} — U which satisfies x*T' = A%x* +
Bk for k € {0,..., K — 1} and S = constructS(A, €, 1) for
¢ = D2C.(x,v,0) and i = D2C,, (v, ). Then || x" —&€x,,5(kd)| <
eoy exp(—Pkd) + || D|[wmax for each k € {0, ..., K}.

We can use this result to construct safe trajectories. Consider an
initial set © C X, some length K > 0, and time step interval
6 > 0. We define the subroutine getErrBounds(A, A, ©,4, K)
which returns tracking error bounds {e*}f_, where ¢ =
max,co ||Center(©)—z|| and e* = €% exp(—Bkd)+Z || D|[wmax
for k € {1,..., K}. We use a perception oracle [22] which returns
an over approximation of the unsafe sets over [0, K4] as timed

polytopes.

Definition 2. Given state space X C R", upper time bound T > 0,
and unsafe sets O, a perception oracle FSY returns a collection of
timed polytopes {O; = Poly(H;,b;)} such that O C (FS2NX x
{t}) | X for every t € [0,T].

We now use a MIP to find discrete time trajectories and input
signals. Let ¢ be an atomic proposition. If x satisfies ¢, we
denote this as = |= ¢. The boolean operator AND is denoted
by A, such that given atomic propositions 1 and o, if z
satisfies both we write this as = ¢1 A 2. We now introduce
safeConstraints(A, ©, FS?, {e"}1_,)

argmax J(x, p) st. Vk € {0,..., K — 1} :

"= AR 4 B (14)

o 2" =\ linSafety(k, O;, max(e*, 1)) (15)
0;€Fsg

— Umax < 4 < Umax (16)

2" |= Center(©) (17)

z™ = goalCond (18)

where J(x, u) is a cost function (different from (6)) given by

_ - G
J(x; 1) pemin (Orzﬂelgt <y£ﬁ3x lIx y\l)) (19)

This cost function is chosen such that the resulting trajectory is far
away from the unsafe set in the hope that the resulting recoverable
set is less conservative. The dynamic constraints are given by (14)
and ensure that each x* follows the system dynamics. The safety
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constraints are given in (15) and ensure that the resulting trajectory
satisfies Assumption 1. Finally, the constraints in (16) ensure the
reference input remains within U{; the constraints in (17) ensure the
the reference input starts in ©; and the constraints in (18) encode the
goal conditions. For our ARPOD example, these are the conditions
that result in the satellite ending in an NMT, which were introduced
in [18], and implemented in [23], [24] to synthesize guaranteed safe
controllers which drive satellites to NMTs. We do not re-derive the
constraints here, but have re-stated them in Example 2.

Example 2 (NMT goal conditions). Consider two polygons P
and Q which are an approximation for some inner and outer
NMTs which the satellite trajectory must end between. Then, the
constraints for the end condition of the satellite are given by

N\ aegrr gy < (20)
j=1,...,Np
AT Tx Tz,j k
A an] - [ e - zo
- Ty Ty,j
j=1,....,Np
> g1 @
j=1,....,Np
, bmax cos( X))
q , _ max N _
where q; = {qzi] - [zbmaxsin(fffgj S R (e
Qyj+1),Oyj = (Qzj = Qoj+1);Y5 = QujGe,j + Ay jqy,j, the

normal vector to the ellipse at point p; is given by ny; and
 [rey] _ | bmincos(372)
Pj Ty,j 2bmin sin(%ﬁ) ’

The ellipses are defined by the semi-minor axes, which are given
by b. The state constraint for the goal condition is

K K

vy, = —2nTy K

1
A ol = im«f (22)

Then, goalCond comprises (20)—(22).

We now discuss the safety constraints. Consider timed polytope
O = Poly(Ho,bo), states z,y, time step k € {0,..., K}, and
tracking error bound € > 0. The safety constraints are

linSafety(k, O, ¢) :=

T ‘/1“ T T T
A (-89 ] + 08 +2emg < pra - o)
redP(Hp)

A —Hg)[ Y

(k+ 1)5} — (06 + 26| HG|l) < M(1 - ar))

Z Q" >1 (23)

redP(Hp)

where M >> 0 and each o” € {0,1} is a binary variable which
indicates whether or not the first two constraints are met. If we
choose appropriate d, as stated in Assumption 2, we get the safety
property in Lemma 3.

Assumption 2. Consider some bound € > 0, state matrix A, and
input matrix B. We choose § such that for discrete time trajectory
x = {X"Y and input signal v = {V*}£_ that satisfy x"T' =
ANF + BOVR for k € {0,..., K — 1} where A% and B are
constructed as in (13), & = D2C,(x, v, 8) satisfies ||€(t)—x"|| < e.

Lemma 3. Consider system A, error bound ¢, fixed 6 > 0 that
satisfies Assumption 2, and timed polytope O = Poly(Ho,bo). If
x,y |= linSafety(k, O, ¢) for x,y at time step k and y = A’z +
Blu for some u € U where A° and B’ are computed as in (13),
then & = D2C, ({x,y}, {u}, ) satisfies B ([£(t), k6 +t])NO =0
for every t € [0,4].

The proof comes from showing that segments connecting two
waypoints lie outside the over-approximations of the unsafe sets, and
then showing that the trajectory which connects these two waypoints
also lies outside the unsafe sets.

The safety controller and recoverable set are synthesized in
Algorithm 1 which we call GetSafety. The inputs are the system
A, length K, time step interval ¢, initial set ©, unsafe sets O,
and positive definite cost matrices (), R > 0. First, we find P by
solving the ARE, and the gain matrix A is computed. Next, we find
the tracking error bounds at each kd, k € {0,..., K}. Then we
find the discrete time trajectory and input signal which results in a
safe reference trajectory and input signal. Finally, we construct the
safety controller and under approximation of the recoverable set.
Any controller returned by GetSafety guarantees a safe trajectory
when the safety controller is deployed within the recoverable set.

Algorithm 1: GetSafety

Input: system A, length K, time step interval J, initial set
©, unsafe sets O, cost matrices @, R > 0

Output: safety controller S, recoverable set C

1 P« solveARE(A, B, Q)

: A« R'B'P

3 {e" | « getErrBounds(A, A, 0,6, K)

4 x, v + safeConstraints(A, ©, FS%s, {15, 6, K)

5 £« D2C,(x,v,9)

6 p® < D2C,(v,9)

7 S ¢ constructS(A, £, ;")

8 Tmin < MiNe(o, ir5) Milly ot Hfref(t) -y

9 Cs + GetRecover(A, A, O, & rmin)

10 return S, Q[SO"K's]

Theorem 1. Consider a system A, length K > 0, time step 0,
initial set © C X, and unsafe sets O" for t € [0, KJ].

(i) Any S : [0, K0 returned by GetSafety guarantees &4, s(t) ¢
O for all t € [0, K§] for every o € ©, and

(ii) 5225’5(7') ¢ O for all T € [t,T — t] for any x: € C% for
any t € [0, T for C returned by GetSafety.

The proof uses results from Lemmas 1, 3, and 2, as well as
corollary 1. We leave the proof to the full version of this paper. We
note that GetSafety only returns S and C. [SO’K(S] when O allows for
a & and p'® satisfying Assumption 1 to exist. However, we may
not find such a £ and 4 even if one exists if the maximum length
of the discrete-time trajectory is too small. This can be mitigated
by allowing K — oo, but drastically increases the computational
time.

IV. SYNTHESIZING SWITCHING LOGICS

We now present Polaris in Algorithm 2. The input to Polaris
is the system A, experimental controller U, initial set ©, unsafe
sets O, upper time bound 7" > 0, and time step interval § > 0. It
returns a safety controller S : X x [0, 7] — U and switching logic
L :]0,T] — M, which results in a safe trajectory {ig{a for every
T € O.

First, the number of steps K is computed to be the ceiling of %.
Then, the safety controller and recoverable set are computed using
GetSafety. The over approximation of the reachable set, defined in
Definition 3, of the system using the experimental controller over
[0, 7] is then computed using GetReach. There are many off-the-
shelf reachability tools which can be used to compute these over
approximations, such as C2E2 [25], Hylaa [26], CORA [27], or
DryVr [28].
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Algorithm 2: Polaris
Input: system A, experimental controller U, initial set O,
unsafe sets O, upper time bound 7', time step
interval §, cost matrices Q, R > 0
Output: safety controller S, switching logic £
1 K« [%]
2 5,c"  GetSafety(A, K,6,0,0,Q, R)
R 0 T] < GetReach(A,©,U0,0,T)
{mk}k:O {0}
m® 1
k<0
while k£ < K do
t1 < ké
to < (E+1)6
if m* = 0 then
O+ ﬁg,s
RoLT « GetReach(A,©,U,t1,T)
13 | if R[tl’tz c ¢! then

N-TE-CRE B L I ]

—
- o

—
N

14 | m* 1

15 else

16 if m* =1 then

1 0+ ﬁtl,u

18 Rgg + GetReach(A4, 0, s, t1,T)
19 mF + 0

20 mFt — m*

21 ¥k<—k+1

22 L + constructg({m*}%_,, 9)
23 return S, £

Definition 3 (Reachable set). Consider a system A, initial set © C
X, upper time bound T, and controller U: X x [0,T] — U. Given
0 <tg <ti <T, the reachable set Rto‘tl ]

U {0t —to) )

roEO

R = (24)

We denote all reachable sets over [to,t1] as R to’“] where Rg’;; €
R[to’tl for each T € [to, t1].

Recall that if the mode m = 0, the experimental controller is used
and if m = 1, the safety controller is used. In line 4, a length K +1
sequence of modes is set such that m* = 0 for k € {0,..., K},
and in line 5 m® = 1. In lines 7-21, the main loop of Polaris is
performed. First, the time period over which the k™ mode is to be
used is set to be [t1,t2], t1 = kd and t2 = (k + 1)4. If mF =0,
we recompute the reachable set of the system using U over [t1, 7.
In line 13, we check to see if the reachable set of the system using
U is contained within the recoverable set over [t1, t2]. If so, we set
mP = 1, If not, we check to see if m* =1 currently. If it is, then
we compute the reachable set of the system using S over [t1, 7],
and then we set m” = 0 regardless of the current mode. Finally,
we initialize m**! = m” and increment k.

After the main loop terminates, the mode controller is constructed
using constructg. This subroutine takes in a length K +1 sequence
of modes {m*}£ ; and a time step &, and returns switching logic
L :[0,T] — M that satisfies £(t) = m” for t € [kd, (k+1)5) for
every k € {0,..., K — 1}.

Theorem 2. Consider a system A, upper time bound T, initial
set ©, unsafe sets O and experimental controller U. Any safety
controller S and switching logic L returned by Polaris guarantees

that for every x¢ € ©, fxg . satisfies €7 ,.(t) ¢ O' for all t €

[0, 71,

xo,L

We defer the full proof to the full version of this paper. There
are three cases where to examine safety: (1) using U when the
trajectories are contained within the recoverable set, (2) switching
to S when the trajectories may exit the recoverable set, and (3)
switching back to U when the trajectories return to the recoverable
set.

V. NOMINAL RESULTS

We implement Polaris using Python and use it to solve our
satellite example. The MIP used to synthesize the reference tra-
jectory and input signal is solved using Gurobi [29] and the reach-
able sets are computed using Verse [30]. The resulting switching
controller and safety controller are evaluated within the RTAEval
framework [31]. Here, the experimental controller is also a tracking
controller but with a different feedback matrix. We deploy Polaris in
two different scenarios where the satellite must avoid: (i) an obstacle
static in Hill’s frame (Static), and (ii) another satellite operating in
Hill’s frame (Dynamic). Results are shown in Figure 2 and Table L.

:géﬁé“znoo 3000 4000 5000 6000
X

(a) Static, U

2000
3000 4900 308
5000
M 6000

o880

(b) Dynamic, U

6000 20003999
400())( 5000 9990 5000 5000

(d) Dynamic, s

4000 5000 6000
X

2000
3000 4900
5000
X 6000

(e) Static, Polaris (f) Dynamic, Polaris

Fig. 2: The dotted gray trajectory is the reference trajectory, orange denotes
U blue denotes S. The red sets show the unsafe sets.

In Figure 2, we show the resulting trajectories from using the
untrusted (U) and safety (S) controllers, and the switching logic
computed using Polaris in both the Static and Dynamic scenarios.
Table I shows metrics regarding the minimum distance from the
unsafe set, the time until a collision with the unsafe set if the
satellite continues on its current trajectory, and the experimental
controller usage. The satellite is safe if the distance and time to
collision is greater than zero. Here, we can see that the experimental
controller always causes the satellite to crash and the synthesized
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TABLE I: Results from Static and Dynamic scenarios

Scenario Dist from @ TTC(s) % U
Static, s 562.36 inf 0

Static, U 0 0 100
Static, Polaris 98.01 81.16 63.26
Dynamic, s 25.96 1538.86 0

Dynamic, U -31.40 0 100
Dynamic, Polaris 28.47 32820  34.69

safety controller keeps the system safe. Furthermore, Polaris also
keeps the system safe while increasing the experimental controller
usage. We even note the time to collision is always reduced when
Polaris is used as the U controller always causes it to come closer
to a collision with the unsafe set, however if distance is the metric
that we care about, Polaris can keep the satellite even further away
from the unsafe set. This can be seen in the Dynamic scenario.
Thus, we can see that Polaris can keep the satellite system safe
while increasing the experimental controller usage. Furthermore,
since the safety controller and switching logic are synthesized prior
to deployment, computation time during runtime is minimal.

VI. CONCLUSION

We solve the problem of guaranteeing safety of a linear system
with an experimental controller by synthesizing a safety controller
and RTA logic which switches between the synthesized safety
and experimental controllers. The RTA logic is synthesized by
constructing a recoverable set about a reference trajectory using
stability analysis of a tracking controller and checking for the times
when the reachable set of the system exits the recoverable set. We
call this approach Polaris and it is deployed in a satellite: ARPOD
scenario and we show that the satellite remains safe even with
dynamic obstacles.

Interesting future work is to extend Polaris to systems with
nonlinear or hybrid dynamics. Less conservative recoverable sets
can be constructed using different reachability methods. Polaris can
be extended to create a switching logic for multiple experimental
controllers, or optimize switching for different cost functions.
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