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Abstract

We present a system which is able to automatically generate hybrid automata representations
of robots which travel in polygons with linear dynamics until they collide with and "bounce" off
boundaries at a fixed angle (relative to the boundary). This collision creates a nonlinear, nonconservative
system which is related to billiards but cannot be analyzed with the same mathematical tools. Despite
this, it is of high relevance as a model of common mobile robot systems. We turn to computational
tools such as SpaceEx to analyze the dynamics of such a system, with the goal of automatically
synthesizing low-complexity controllers for tasks such as navigation, localization, and coverage. The
system presented can generate model files for any two-dimensional polygon and specified bounce
angle. In the future, this work will be extended to nondeterministic controllers, multiple robots, and
controller synthesis.

1 Introduction

Mobile robots are becoming increasingly more reliable, and are used for tasks such as vacuuming homes,
transporting goods in warehouses, and monitoring conditions such as humidity in a greenhouse or wifi
coverage in an office space. Often, these robots either move randomly in the hope that they will cover
the entire space, or else they are equipped with high-powered sensors such as cameras or lidar and
they attempt to create a map of the entire space, using algorithms such as SLAM. However, for many
applications, this high level of fidelity is unnecessary. A line of research, generally called minimal robotics,
aims to both investigate the theoretical question of what is the simplest robot capable of performing a
task, as well as contribute to making robots more efficient and robust.

To this end, we model mobile robots as point objects which can travel in straight lines until they reach a
boundary of their environment, at which point they can turn in place until reaching a specified angle. We
also assume the robots can detect their heading relative to the normal vector of the boundary. Given such
robots, what kinds of paths through space can they follow with minimal controllers? First we ask what
kind of dynamics result from a constant controller - the robot always “bounces” off boundaries at the
same angle.

To analyze the dynamics, we use simulation to guide mathematical discovery, as well as to confirm
on-paper results. To date, a deterministic Haskell simulator has been created which simulates one robot
in any polgon. However, we would like to extend this simulator to be able to handle nondeterminism (in
both controller “bounce angles” and in starting state), as well as to handle multiple robots.

To this end, a hybrid automata formulation of the robot system was developed and implemented in
SpaceEx, a tool developed to do reachability and safety verification for hybrid systems. We also developed
an automatic translator and configuration generator, so that any two-dimensional environment and
constant controller can be specified and the corresponding hybrid automata configuration file will be
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generated. The resulting configuration files have been tested with SpaceEx and compared with the
original Haskell simulator results.

In the future, we plan to extend this tool to handle nondeterminism in the controller, as well as compose
hybrid automata for multiple robots and non-constant controllers. We then hope to use this tool to
perform synthesis of bounce controllers - for instance, we would like to specify a robot trajectory that
visits every wall, in a periodic orbit, in a given nonconvex polygonal environment. The tool would
then perform a search over controllers, starting with constant controllers and possibly moving to more
complicated controllers if necessary (for example, switching back and forth between two bounce angles
with every bounce).

The main impact of this work is to leverage formal methods and existing high-performance software to
create minimal controllers for mobile robots. Such controllers are designed by automatically analyzing
the dynamics of the paths followed by the robots. By taking advantage of natural stability, we can create
robot controllers which minimize the uncertainty in the robot’s position given a large set of starting
states, which is exactly the classic robotic task of localization. By finding controllers which lead to unstable
dynamics of the path, we can maximize coverage of the space, which is also a classic problem in robotics.
This work contributes to the ongoing formalization of robotic tasks, and contributes to the ongoing
automation of the design of robots and their controllers.

In Section 2 we discuss related work in formal methods in robotics, as well as related hybrid automata
models. In Section 3 we present a specific definition of the system under consideration. In Section 4 we
discuss the modelling choices made to represent the system as a hybrid automata.

2 Related work

This work is part of an ongoing general effort by roboticists to create useful formal models. One relevant
example is the work done by Blum and Kozen in the 1970s on the power of finite and single-counter
automata to explore mazes (four-regular planar graphs) where they could sense structure (can detect a
consistent “north” and other directions) and externalize state (drop and pick up unique “pebbles” on
the graph). These properties model attributes of robots (sensing and actuation). Since then, work on
equivalence or orderings robots of robots has continued [1] [2].

Robotic Implementations

The motion primitives described in this paper are feasibly implemented on actual robots - in [3], the
authors describe a differential-drive robot with bump and infrared range sensors which executes the same
type of “bounces” described in this paper with error less than ±10◦. In that work, the authors developed
an algorithm for navigation with such a robot; similarly, we show that patrolling is possible, and provide
bounds on how much noise can be tolerated.

Minimal controller and filter synthesis

Minimality in robotics and control has included topics such as minimal attention controllers [4], and the
problem of generating concise discr ete plans and filters in robotics [5]. Many of these problems, especially
in discrete representations, are NP-hard. However, the highly structured nature of robotic tasks provides
hope that techniques from formal methods (such as SAT and SMT solvers) may provide often-efficient
solutions.
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Planar hybrid systems

Of particular relevance for this project, since we are only modelling robots paths in 2 dimensions,
are planar piecewise constant derivative hybrid systems. These can be shown to be decidable [6].
Unfortunately, our system is not quite in this class, since this class relies on the derivatives to be constant
in disjoint partitions of the plane - whereas in our system, trajectories with different velocity vectors may
overlap. Related planar hybrid automata have been investigated [7] [8], and we are still determining the
decidability of reachability in our particular system.

Limit cycle and orbit detection

Of particular interest for this system is the characterization of periodic orbits [9] [10]. In a similar line
of work, where the robot does not rotate to an angle relative to the environment but rather to an angle
relative to its prior heading, limit cycles and periodic orbits are likewise useful [11] [12]. However, in
general, automatically detecting periodic orbits of nonlinear dynamical systems is a hard problem, though
recent progress has been made on systems such as the three-body problem with extremely high precision
numerical simulation approaches [13]. Our work does not yet attempt to automatically detect periodic
orbits, though an approximate (not sound nor complete) approach is to find progressively smaller subsets
of the plane from which the robot is unable to escape.

3 Problem Formulation

A point robot moves in a bounded subset of the plane P , defined by a continuous piecewise-linear
boundary δP , defined by vertices {v0, . . . , vn−1} in CCW order. And edge can then be represented as a
vector ei = vi+1 − vi.

The robot drives in a straight line until encountering some edge ei. It then rotates until its heading is at an
angle θ counterclockwise of ei, 0 < θ < π. Then the robot repeats this procedure indefinitely. Figure 1
shows two sample bounces, at angles θ = π/2 and θ = π/4.

Figure 1: Sample bounces, showing that the trajectory after collision is only dependent on θ, and not the
incoming heading.

Our problem is to determine what parts of a given environment are reachable from a given initial set
under a given “bouncing law.”

4 Hybrid Automata Representation

SpaceEx is a tool which computes reachable sets of hybrid automata. We represent our system of interest
as the following automata:

The hybrid automata has one mode, since velocity is constant and linear in the interior of the polygonal
environment. There is one transition for each edge, since if the robot collides anywhere along edge ei, its
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1automaton Bounce(θ, [v0, ..., vn−1])
const β : Real := 2π/n;

3 types Spokes : enumeration [1,...,n ];
signature

5 internal edgei, i ∈ [0, ..., n− 1];

7 variables
x, y, vx, vy : Real;

9

transitions
11 internal edgei, i ∈ [0, ..., n− 1]

pre robotInCollision(vi, vi+1, x, y)
13 eff updateV elocity(vi, vi+1)

15 trajectories
mode interior

17 d(x) = vx;
d(y) = vy ;

Figure 2: Hybrid automata model of robot system.

velocity will be reset to the same vector. Figure 3 shows a visual representation of such an automata for a
four-sided environment.

ẋ = vx

ẏ = vy

e1

e2e3

e4

Figure 3: An example hybrid automata for a four-sided polygon.

The functions robotInCollision and updateV elocity take some careful defining.

Detecting Collisions

We must be able to detect when the robot’s position (x, y) lies on a line segment defined by two consecutive
vertices (vi, vi+1). There are multiple ways to check this condition, but we require one that is linear in x
and y, ruling out distance-comparision checks.

Note that all points on the line segment are of the following form:

(xi, yi) + s((xi+1, yi+1)− (xi, yi)), with 0 ≤ s < 1. The asymmetry of the inequality on s is the decision to
say that each vertex belongs to the line segment counterclockwise from it (thus, we don’t have to worry
about what to do if the robot hits a vertex).

Thus, to decide if the point (x, y) is on a line segment, we solve for s and see that s = x−xi
xi+1−xi

= y−yi
yi+1−yi

iff
(x, y) is on the line determined by the endpoints of the segment. Additionally we require that 0 ≤ s < 1.
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However, this precondition will fail if an edge is parallel to the x− or y−axis (due to a divide-by-zero).
Thus, when we generate the precondition for each edge transition, we must check for this condition. If an
edge is parallel to an axis, the precondition is also simple: for example, if (vi, vi+1) is parallel to the x−axis,
then to check if (x, y) is in collision, we check if y = yi and xi ≤ x < xi+1 if xi < xi+1 (and changing the
inequality appropriately if the order of the vertices is flipped).

The upside is that all this bookkeeping is amenable to automation. Given the CCW list of vertices, we can
programmatically generate the precondition for each edge. For more details, see Section 5.

Updating Velocity

Since the velocity vector of the robot is in a global Cartesian frame, to update the velocity of the robot
when it collides with an edge, we perform the following update:

vx := cos(θedge + θ)

vy := sin(θedge + θ)

where θedge is the angle of the edge with respect to the global x−axis, and θ is the control parameter of the
robot. Figure 4 shows an example of how the robot’s heading is computed as the sum of these two angles.

Figure 4: An example rotation performed when the robot "bounces" off an edge.

To generate this update automatically, we compute the new vx and vy in Haskell for each edge in the
polygon. The result (a floating-point number) is used as the effect of each transition.

5 Automatic Code Generation

The SpaceEx modeling language (defined in [14]) uses an XML data structure for each automata. Using
utilities in the existing Haskell simulator, we can specify a polygonal environment and a bounce angle θ,
and generate the resulting model file for the corresponding hybrid automata.

All code - both the existing Haskell simulator and the extension to SpaceEx - is available at https:
//github.com/alexandroid000/bounce.

We will show a few of the data structures that were created in Haskell to model the SpaceEx modelling
language.

Each hybrid automata, HA, has a unique name, a list of parameter definitions, a list of locations (modes of
the automata), and a list of transitions between the locations.
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data HA = HA { name :: Label
, params :: [Param]
, locations :: [Location]
, transitions :: [Transition]
}

Locations and transitions have some relevant data fields that we adjust for each generated automata. The
definition of a Location is

data Location = Location Id Label Invariant Flow

where an Id is a unique integer, a Label is a unique string, and Invariants and Flows are strings
following SpaceEx’s syntax for specifying the dynamics in a Location. In the future, we hope to check the
structure of these invariants and flows at compile time in Haskell, instead of relying on the user to specify
correct strings.

Similarly, a Transition is specified in Haskell as

data Transition = Transition Source Target Label Guard Assignment

Where Source and Target are the integer Ids of the source and target locations (1 and 1 in our case),
Label is a string label, and Guard and Assignment are the terms discussed in Section 4.

For example, a complete specification of bouncing in the square at angle π/2 is

loc1 = Location 1 "interior"
"-500.0 &lt;= x &amp;&amp;
x &lt;= 0.0 &amp;&amp;
0 &lt;= y &amp;&amp;
y &lt;= 500"
"x'==vx &amp; y'==vy"

square_ha :: HA
square_ha = HA { name = "test"

, params = mkParams $ mkPoly sq
, locations = [loc1]
, transitions = mkTs (mkPoly sq) (0 @@ rad)
}

In the Location, we must specify an invariant that keeps the robot inside the polygon, because at the
moment transitions are not ASAP: the state-space explorer nondeterministically transitions when the
guard is true. This is a setting that can and will be changed (with better understanding of SpaceEx).

mkParams and mkTs are two functions which automatically generate the parameters and transitions,
respectively. The parameters are always the dynamical variables x, y, vx, vy and a parameter for labelling
each transition (e1, e2, ...). The transitions are generated according to the preconditions and effects
specified in Section 4.

Then, a function write_HA takes data structures of type HA and writes them to a file by concatenating
string representations of each element of the HA.
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6 Examples

We have performed preliminary tests on simple polygons to ensure that we are generating model files
correctly and that SpaceEx is computing the correct dynamics. Below we show results in the square for
two different values of θ, and compare to the results from the pure Haskell simulator.

(a) SpaceEx reachable set for x and y variables, with
a bounce angle θ = π/2, starting from the square
−200 < x < −190, 190 < y < 200, with starting
velocity vx = 0.9, vy = 0.1

(b) Haskell simulation of robot in a square bouncing
at θ = π/2. Note that the robot must start on the
boundary of the environment, and only one path
can be simulated at a time.

Figure 5: Simulated robot paths in SpaceEx (left) and an internally-developed Haskell simulator (right).

(a) SpaceEx reachable set for x and y variables, with
a bounce angle of θ = 0.05 radians, and initial condi-
tions −80 < x < −5, 495 < y < 499, vx = 0.0, vy =
1.0

(b) Haskell simulation of robot in a square bouncing
at θ = 0.05. Note that the robot must start on the
boundary of the environment, and only one path
can be simulated at a time.

Figure 6: Simulated robot paths in SpaceEx (left) and an internally-developed Haskell simulator (right).
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It is interesting to note that the first example, Figure 5, terminated in SpaceEx within a few iterations,
indicating that SpaceEx was able to determine the stability of the trajectory between two parallel sides.
This is what we would expect from the geometry. However, in the second example, SpaceEx did not
terminate within an observed amount of time, despite the starting interval covering all the geometrically
reachable states. This indicates that in some cases, the over-approximations done by SpaceEx are “over-
powering” the stabilization of the orbits. We know theoretically that for this bounce angle, the bounce is a
contraction mapping and thus there exists a unique fixed point, but SpaceEx is not able to determine this
property (with the information we have given it).

7 Conclusions

We have presented the initial work to create an automatic translator for a billiards-style model of mobile
robot motion to SpaceEx.

Future Work

One pressing task is to configure SpaceEx such that all transitions are ASAP - taken as soon as they apply
- so that we do not have to manually specify invariants to prevent the robot from “escaping” the polygon.

In the future, we plan to use an ADT representation of the SpaceEx modeling language instead of naive
string concatenation. This will provide more type-level guarantees that the model file is well-formed.

This approach also requires the user to manually specify the .cfg file with the starting set and number of
iterations to perform. We would like to unify this specification with the Haskell spec shown above, and
create a clean user interface so the user just has to write one configuration file and run a command to
generate all files required by SpaceEx.

Eventually, we will extend the approach to handle nondeterminstic controllers (bounce angles), as well as
handling multiple robots (and possible collisions between them).
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