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Abstract

We present the updated DRYVR framework for verifying hybrid control systems that are
described by a combination of a black-box simulator for trajectories and a white-box transi-
tion graph specifying mode switches. The updates include (a) state dependent transition, (b)
resets on state after transition, (c) reachability analysis on non-DAG transition graph, (d) han-
dling must transition on non-deterministic transition graph. We demonstrate the utility of the
framework with updates by verifying a suite of models that include thermostat, bouncing ball
and billiard table.

1 Introduction

The DRYVR we present in CAV 2017 [5] proposing an algorithm that does reachability analysis
on transition graphs that are acrylic with transitions having bounded switching times. Therefore,
the executions of the systems it analyzes are over a bounded time and have a bounded number of
mode switches. Due to this constraint, the number of models can be verified in DRYVR are limited
and some models are not realistic. For example, the model transition for thermostat example we
have in DRYVR is based on time but not room temperature. Therefore, we have implemented new
features in DRYVR to remove these constraint on model, which includes following.

• We implemented state dependent transition using Z3 solver [3]

• We implemented linear reset of state using Sympy [7].

• We designed and implemented new reachability analysis algorithm on non-DAG transition
graph and demonstrated its effectiveness in bouncing ball example.

• we added supporting for must (deterministic) transition when perform reachability analysis
on non-deterministic transition graph, and show it effectiveness on bollard table model.

This updates allow DRYVR to verify more hybrid system with state dependent transition and
unbounded number of mode switches. In short, most models that introduced with C2E2 [4] can
be translated into DRYVR supported form and verified by DRYVR.

In Section 2 we present a discussion of the related work about automated verification tools. In
Section 3 we present the idea of state dependent transition and it’s implementation. In Section 4 we
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present reset in DRYVR. In section 5 we present DAG and non-DAG in DRYVR and the conversion
between each other. In section 6, we use bouncing ball as an example to show how state dependent
transition, reset and non-DAG can be helpful for model safety analysis. In section 7, we should
how must transition is implemented in DRYVR and a case analysis with billiard table model. In
section 8, we present reachability analysis algorithm on DRYVR with updates and pseudocode. In
section 9, we conclude updates and discuss the possible future work.

2 Related work

Most automated verification tools for hybrid systems rely on analyzing a white-box mathematical
model of the systems. They include tools based on decidability results [2], semi-decision proce-
dures that over-approximate the reachable set of states through symbolic computation [6], using
abstractions [1], and using approximate decision procedures for fragments of first-order logic [8].
More recently, there has been interest in developing simulation based verification tools [4].

3 State Dependent Transition

In past, transition condition is defined based on time, this updates allow transition condition de-
fined based on state of the system. Considering a thermostat example with two modes ”On” and
”Off” and one variable ”temperature” which indicates the room temperature. State dependent
transition allows you to define transition from ”On” state to ”Off” state when room temperature
is above target temperature temp1 and transition from ”Off” state back to ”On” state when temper-
ature drops below to target temperature temp2. Since state dependent transition is implemented
using Z3 solver [3]. The transition condition expression could be any express that can recognized
by Z3. For example, ”temperature == temp1”, ”And()”, ”Or()”, ”Not()” or ”Sqrt()”. Time depend
transition is still available, which is represent using special variable ”t”. For example, ”And(t¿=1.0,
t¡=1.1)” means transition will happen between 1 and 1.1 second.

DRYVR does not have invariant, the idea of invariant is merged into guard. Having a guard
with a least one dimension bounded is equivalent to have open guard and invariant. For exam-
ple, if the invariant of the thermostat ”On” state is ”temperature< temp1 + 1”, and the guard
from ”On” state to ”Off” state is temperature> temp1”, then you could have guard expressed
as ”And(temperature> temp1, temperature< temp1 + 1)” in DRYVR. Ideally you have guard
bounded in at least one dimension in DRYVR, means to have an invariant, otherwise it would
result large initial set after transition.

The procedure of guard checking is (a) calculate the intersections between the reach tube and
guard using Z3 solver, (b) collect the rectangles intersect with the guard, (c) union collected rect-
angles and calculate the over-approximate rectangle as the initial set for next state. (d) If the guard
is bounded in at least one dimension, truncated the reach tube after the guard.
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And(t >= 1.0, t <= 1.1)

And(t >= 1.0, t <= 1.1)

Figure 1: This is a DAG example for thermostat model.

4 Reset

Linear reset is introduced in this updates which is implemented using Sympy [7]. A reset expres-
sion should be a linear equation where left hand side is the variable name you want to reset. For
example, ”a = 0.1”, ”a = b-1” and ”a = a-b”. DRYVR allows multiple resets per transition, where
you need to split your reset expressions by semicolon.

Given the initial set and reset expression, the procedure of handling reset is (a) getting the left
hand side variable needs to be reset, (b) evaluate the right hand side expression and find max and
min result in the given initial set, (c) set min and max value as lower bound and upper bound to
left hand side variable.

5 Reachability Analysis with non-DAG

5.1 DAG in DRYVR

In the past, DRYVR takes DAG as an transition graph and run reachability analysis algorithm
based on it, where node is defined as a mode. And edge is defined as transition between each
mode. See the sample Graph 1 in this section for an example. This is a transition graph for
thermostat example. The graph starts at mode ON, and transit to mode OFF between time range
from 1.0 to 1.1 second. From mode OFF, they system will stay in OFF for another 1.0 to 1.1 second
and then transit to mode ON. In the last mode ON, the system will stay there until time goes out
since the DRYVR is verifying the graph in bounded time. Therefore, the number of mode switches
in DAG is bounded. In order to have more mode switches, we need to provide larger graph with
more nodes and edges, which makes graph more complicated. To resolve this issue and allow
unbounded number of modes switch, we should allow DRYVR run reachability analysis on Non-
DAG

5.2 Converting DAG to similar Non-DAG

It is easy to convert DAG in last section to a similar directed cyclic graph that use mode ON and
mode OFF just once. See the sample Graph 2. This graph has ON and OFF two nodes. Since there
is a cycle in the graph, the mode is going to keep transiting between ON and OFF in bounded
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And(t >= 1.0, t <= 1.1)

And(t >= 1.0, t <= 1.1)

Figure 2: This is a directed cyclic graph example for thermostat model.

time. Therefore, we can have unbounded number of transition when DRYVR does reachability
analysis.

5.3 Reachability Analysis on Non-DAG

To compute the reachable states for DAG, DRYVR will use topological sort algorithm to find the
starting node, but for Non-DAG, users have to provide the starting node, otherwise the compu-
tation will halt automatically. DRYVR uses DFS algorithm to compute the reachable states from
given initial state, For each mode, the algorithm will check the successor nodes that current node
connects to, and use DFS algorithm to go through all the successor nodes that current nodes con-
nected, and keep going until it time goes out. The detailed algorithm explanation and pseudo
code is in Section 8.

6 Non-DAG state dependent transition graph with reset

Bouncing ball is a model that models a ball is initially released y meter above the ground and keep
bouncing. The transition graph is showed in figure3. This model has single model bounce, the
label in the edge indicates the guard and reset of the transition. The expression before vertical bar
is the guard and the expressions behind the vertical bar are resets. Note there are multiple resets
for this transition which split by semicolon. The transition happens when the ball hits the ground,
the velocity is reset to -0.8*velocity so the ball will bounce after it hits the ground. The reason to
put t > 0.2 in guard is to avoid zeno behavior. The plotting result for the bouncing ball example
is showed in figure 4. The read tube represents the height of the ball, and the green tube represent
the velocity of the ball. The plot result shows the velocity of the ball gets reseted after transition
and the ball is bouncing when the mode switches.

7 Must transition in DRYVR

DRYVR was designed to only handle non-deterministic transition graph and we present list of
non-deterministic transition graph in 2017 CAV paper [5]. However, some models does not work
with non-deterministic transition. Consider a billiard model with one ball bouncing around in a
5X5 table, see figure 5. This transition graph has a single mode bounce and four variable x, y, vx,
vy that represent the position and velocity of the ball. The transition graph has four edges, where
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Bounce

And(y < 0, y > −0.01, t > 0.2)|y = 0; v = −0.8 ∗ v

Figure 3: This is a Non-DAG state dependent transition graph with reset for bouncing ball model.

Figure 4: Plot result for bouncing ball with two transition.

each edge is modeling the edge of the table. When the ball hits the edge of the ball, the ball will
bounce back with velocity change. The reason why non-deterministic transition does not work
in the example is because we have four transitions available to transit, the ball might intersect
with one guard and transit, then continue rolling out of table and intersect with another guard,
which is no valid transition in this case. The issue can be resolved either by (a) bring invariant
to DRYVR, which make the ball stays in the table or (b) enable must transition, which make the
DRYVR transit only to the mode that first satisfy the guard and ignore latter.

In this case, we implemented must transition in DRYVR. If must transition is enabled, when we
calculate state dependent transition, we will keep track the first guard that is satisfied, and only
transit to that specific mode. The plotting result for billiard example is shown in figure 6. This is
x vs y plot result where you can see the ball bounce after it hits the edge. The detailed algorithm
is explained in section 8.

8 Algorithm and pseudocode

The DRYVR in CAV 2017 paper uses topological sort algorithm to find starting node of the tran-
sition graph and then use BFS algorithm to traverse each node in the transition graph. In this
update, I change from BFS to DFS because DFS algorithm is more clear and works better with
different refinement strategy.
Given the initial set, starting mode, unsafe set, time horizon and graph. we use a recursive func-
tion to compute the reachable state and verify the safety property 1. This function does following
things.
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Bounce

And(y < 0, y > −0.01)|y = 0; vx = −vx

And(x < 0, x > −0.01)|x = 0; vy = −vy And(x > 5, x < 5.01|x = 5; vy = −vy

And(y > 5, y < 5.01)|y = 5; vx = vx

Figure 5: This is a Non-DAG state dependent transition graph with reset for billiard.

Figure 6: Plot result for billiard table with two bounce.

(a) The function starts by checking the time horizon. If time horizon is 0, it means the time goes
out and we can conclude the current path is safe, then the function just return.
(b) If the time horizon is not 0, DRYVR uses probabilistic algorithm to learn the sensitivity and use
learned sensitivity to calculate the bloated reach tube, the method is explained CAV 2017 DRYVR
paper [5].
(c) Then for each successor node that current node connects to, DRYVR first get guard and reset
expression from the edge label. Then compute initial set for next mode and truncated tube. Then
use reset to reset the next initial. Note that the current reach tube may never intersect with guard,
then the initial set for next mode is Null and truncated tube is going to be same as the reach tube
we compute in step b. If the initial set for next mode is not Null, it means current reach tube in-
tersect with the guard, therefore, we push a tuple consists next mode’s initial set, next node, and
remain time to the list.
(d) If we set must transition in DRYVR, DRYVR will go through the next condition list and only
keep one tuple that should be transit first and discard other tuples.
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(e) Then we check the safety for longest truncated tube, if the system is not safe, DRYVR will halt
with a warning message. If the safety is unknown, DRYVR will use it’s refine algorithm to refine
the initial set. If current reach tube is safe, then DRYVR will precede to step f.
(f) For each tuple in next condition list, DRYVR use recursive call to traverse all of them to deter-
mine whether system is safe or not.

9 Conclusion and future work

In short, we introduce multiple updates to verification framework DRYVR to extend it’s capability
of handling more complicated models. The updates includes state dependent transition, reset,
reachability analysis on Non-DAG and must transition. These updates allows DRYVR to handle
transition graphs with unbounded number of mode switches such as bouncing ball and billiard
table. The possible future direction includes (a) building support for more automotive simulator
such as Drake [10], (b) building path planning system for given initial set, constrain and goal set
using DRYVR reachability analysis algorithm and rapidly-exploring random trees algorithm [9],
(c) building graphic user interface that allows user to modify transition graph, initial set, unsafe
set, time horizon etc. (d) Handling model composition such as cardiac cell model.

Algorithm 1 DRYVR reachability analysis algorithm
1: procedure VERIFY(initialSet,mode, unsafeSet, timeHorizon, graph)
2: if timeHorizon == 0 then return
3: R← calculateReachTube(initialSet,mode, timeHorizon)
4: longestR← None
5: nextCondition← []
6: for nextMode in graph.successors(mode) do
7: guardConsition, resetCondition← graph.getEdge(mode, nextMode).label
8: nextInitial, truncatedTube← checkGuard(R, guardCondition)
9: nextInitial← reset(nextInitial, resetCondition)

10: longestR← longest(longestR, truncatedTube)
11: remainT ime← timeHorizon− truncatedTube.lastT ime
12: if nextInitial! = None then
13: nextCondition = nextCondition ∪ (nextInitial, nextMode, remainT ime)

14: if longestR == None then
15: longestR← R

16: if graph.mustTransit == True then
17: nextCondition← firstTransit(nextCondition)

18: safety = checkSafety(longestR, unsafeSet)
19: if safety == SAFE then
20: for nextInitial, nextMode, remainT ime in nextCondition do
21: VERIFY(nextInitial, nextMode, unsafeSet, remainT ime, graph)
22: else if safety == UNSAFE then
23: HALT
24: else if safety == UNKNOWN then
25: refine()
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