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Abstract
There are two barriers to assessing the reliability of visual control systems that use machine learn-
ing (ML) models for perception and state estimation. First, the reasoning has to include the image
rendering process, which is affected by environmental factors such as lighting and weather in com-
plex ways. Second, we lack meaningful specifications for ML models like deep neural networks
(DNNs). In this paper, we introduce Lyapunov Perception Contracts (LPC) as a method to address
these challenges. We show how these contracts can be used as specifications for DNN-based state
estimators, which assure closed-loop stability. We propose a method for synthesizing LPC from
data and the models for the controller and plant dynamics. We also show how LPCs can be used to
find operating design domains for visual controllers that operate in finitely parameterized environ-
ments. We illustrate applications of this method in a visual automated landing system using image
data from both rendered simulations and Google Earth.1
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1. Introduction

Visual autonomous systems take control actions using machine learning (ML) models for recogni-
tion and interpretation of images. Camera-based driverless cars and automated landing and collision
avoidance systems for aircraft are exemplars of this family. Assuring safety and reliability of such
systems is a challenging problem. First, any comprehensive reliability analysis of the whole system
has to reason about the perception pipeline, which not only depends on the state of the system,
but also external factors like lighting, fog, etc. Secondly, modular testing of perception, which
is typically implemented using deep neural networks (DNNs), is not feasible because we do not
have specifications for them. In this paper, we address these challenges by introducing Lyapunov
perception contracts (LPC) and an algorithm for computing them. LPCs can be used to identify
operating design domains (ODDs), i.e., the range of environmental factors in which reliability of
visual autonomy can be assured.

Consider a dynamical system ẋ = f(x, o(x, e)), with an ML-based observer o(x, e), where
x is the state and e is a vector of environmental factors like lighting, fog, etc., and a Lyapunov

1. Additional results and proofs provided in supplementary material https://arxiv.org/abs/2311.08652.
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Figure 1: (a) Architecture of the vision-based automated landing system (AutoLand). (b) Camera
view and keypoint detection variations under ambient and directed lighting conditions.

function V (x) for the system. Given a Lyapunov function V (x), we aim to identify the opera-
tional design domain—the range of environmental conditions under which the vision-based system
remains stable. A Lyapunov perception contract (LPC) is a set-valued observer M such that (a)
M over-approximates o and (b) V is a Lyapunov function for the set-valued dynamical system
ẋ 2 f(x,M(x)) that ensure stability/convergence of the vision-based system. LPCs strictly gener-
alize the invariance-based perception contracts of Hsieh et al. (2022); Astorga et al. (2023) and we
show how they can be used to find the ODDs in which the system stability can be assured.

We have developed an algorithm called the DARELPC for computing Lyapunov perception
contracts. DARELPC simultaneously constructs a contract and identifies an ODD for the contract.
It first constructs a candidate contract that over-approximates the observer o under an initial ODD. It
then checks whether the set-valued dynamical system ẋ 2 f(x,M(x)) satisfies the Lyapunov con-
dition using linear bound propagation tool CROWN Zhang et al. (2018). If the Lyapunov condition
is not satisfied, the algorithm iteratively refines the contract and shrinks the ODD based on both the
stability requirement and the sampled environment data, until a valid contract can be established.
To the best of our knowledge, DARELPC is the first approach that can help automatically identify
the environmental conditions of vision-based control systems, that can assure system stability.

We illustrate this method on a visual landing system: AutoLand (see Figure 1)—a challenging
application with 6-dimensional nonlinear dynamics and a realistic perception pipeline. The percep-
tion pipeline estimates the relative pose of the aircraft with respect to the touchdown area on the
runway using a combination of a DNN and a classical computer vision algorithm. The controller in
AutoLand uses the estimated pose to fly the aircraft from 2300 meters—along a reference trajec-
tory of 3� slope—down to the touchdown area. We apply DARELPC to AutoLand with image data
from rendered simulations as well as Google Earth. For both data sets, DARELPC finds LPCs and
corresponding ODDs where the system is shown to be stable. The identified ODDs are interesting
combinations of non-convex sets of environmental conditions (Figure 2 (a)).

In summary, our contributions are: 1) We introduce Lyapunov Perception Contracts as a method
assuring closed-loop stability of vision-based control systems. 2) We present an algorithm for si-
multaneously constructing LPCs and identifying ODDs for visual controllers operating in finitely
parameterized environments. 3) We show the effectiveness of the method on a realistic automated
landing system using image data from rendered simulations and Google Earth.
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2. The Problem: Identifying Domain of Stability

2.1. Stability of Set-valued Dynamical Systems

We model a visual control system as a dynamical system with an observer. Given a dynamical
system ẋ = f(x), an initial state x0 uniquely defines a solution or an execution of the system, which
we denote by x(t) (suppressing the dependence on x0). For a set-valued mapping F : X ! 2X ,
consider the set-valued dynamical system defined by the differentiable inclusion ẋ 2 F (x). An
execution x(t) for this system satisfies ẋ(t) 2 F (x(t)), 8t 2 R�0. The distance between a point
x 2 X and a set X� � X is defined as dX∗(x) := inf

y2X∗
jjx� yjj.

A dynamical system is asymptotically stable with respect to a set X� � X if 8x0 2 X , the
execution x(t) satisfies lim

t!1
dX∗(x(t)) = 0; this definition extends analogously to set-valued dy-

namical systems. A Lyapunov function is a standard certificate for proving asymptotic stability
of dynamical systems. Here we define Lyapunov functions for set-valued dynamical systems and
provide a sufficient condition for asymptotical stability of such system (Theorem 6.2 from Goebel
(2024)).

Theorem 1 For system ẋ 2 F (x), given 1) a nonempty, compact set X� � X; 2) a continuously
differentiable function V : X ! R�0 such that V (x) > c for all x 2 X/X� and V (x) � c for all
x 2 X�; and 3) a continuous function W : X ! R�0 such that W (x) = 0 iff x 2 X�. If

rV (x) � fx � �W (x),8x 2 X, fx 2 F (x), (1)

then X� is asymptotical stable. V is called a Lyapunov function for the system.

2.2. Vision-based Control System

Let X � Rn be the state space, Y � Rm be the observation space, and E be the environmental
space. The evolution of a vision-based autonomous system in environment e 2 E can be modeled
as

ẋ = f(x, o(x, e)) (2)

where f : X � Y ! X is called the dynamics, and o : X � E ! Y is called the observer. The
observer o is influenced by the environment and can output different observations for the same state
under different environments. Typically, X and f are available in analytical form and are amenable
to formal analysis. In contrast, the environment E and the observer o are not, and we only have
black-box access to o.

Problem statement. Given a vision-based system (2), a candidate Lyapunov function V , and a
target set X� � X , we are interested in finding a subset E0 � E of the environment in which the
system is asymptotically stable with respect to the set X�.

3. Assurance with Lyapunov Perception Contracts

The vision-based control system is a composition of the dynamic function f and the observer o,
and we are interested in developing compositional or modular solutions to the above problem. The
observer o in a real system is implemented using multiple machine learning (ML) models and its
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output depends on the environment in complicated ways. For example, a camera-based pose estima-
tion system of the type used in AutoLand uses camera images which depend on lighting direction,
lens flare, albedo and other factors, in addition to the actual physical position of the camera with
respect to the target. Testing such ML-based observers is challenging because, in general, the ob-
server and the ML models have no specifications (see detailed discussion on this in Hsieh et al.
(2023); Mitra et al. (2025)).

3.1. Lyapunov Perception Contracts

A natural way of tackling this problem is to create an over-approximation M : X ! 2Y of the
observer o that turns system (2) to a set-valued dynamical system

ẋ 2 f(x,M(x)) (3)

The output of the observer o(x, e) can be made to be contained in this over-approximation M ,
by simply making M large or conservative. However, such an over-approximation may not be
useful for establishing system stability. Thus, M has to balance observer conformance and system
stability, which leads to the following notion of Lyapunov perception contract for the system (2).

Definition 2 For system (2), given a target set X� � X and a candidate Lyapunov function V , a
mapping M : X ! 2Y is called hE,X�i-Lyapunov perception contract if it satisfies:

1. Conformance: 8x 2 X , 8e 2 E, o(x, e) 2M(x);

2. Correctness: V is a Lyapunov function with respect to set X� for system (3).

Proposition 3 For system (2), if M is a hE,X�i-Lyapunov perception contract, then (2) is asymp-
totically stable with respect to X�.

Proposition 3 follows from the fact that f(x, o(x, e)) 2 f(x,M(x)) over X and E. This
implies that if V is a Lyapunov function for system (3), then it is also Lyapunov function for (2).
Then asymptotic stability of (2) follows from Theorem 1. In this paper, we represent perception
contracts M : X ! 2Y as a ball BMr(x)(Mc(x)) � Y of radius Mr(x) centered at Mc(x). We will
next discuss the computation of M .

Regarding the construction of the Lyapunov function, we note that the controller for an visual
autonomous system is usually designed first with an ideal observer that has access to ground truth
values. This ideal observer is then approximately implemented using the perception pipeline. The
Lyapunov function for that ideal controller can serve as an initial guess for V .

3.2. Learning Conformant Perception Contracts from Data

The LEARNCTRT function (Algorithm 1) takes as input a set of states X̃ � X , an environ-
ment set Ẽ � E over which a perception contract is constructed. It also takes the user-specified
target conformance measure pr, the tolerable gap ϵ (between the empirical and actual confor-
mance measures), and the confidence parameter δ. The algorithm aims to construct contracts
with conformance measure higher than target. The algorithm computes the required number of
samples n = � ln�

2�2
, and then draws the samples of X̃ � Ẽ according to a user-specified distri-

bution D. These samples are fed to the observer to create the training set Lc. This data set Lc
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Algorithm 1

Function LE A R NCT R T( ~X; ~E; o; pr; �; � ) :

n  �
ln �
2� 2

fhx i ; ei ign
i =1  SAMPLED ( ~X; ~E; n)

ŷ1; : : : ; ŷn  o(x1; e1); : : : ; o(xn ; en )
L c  fh x1; ŷ1i ; : : : ; hxn ; ŷn ig
M c  REGRESSION(L c)
L r  fh x i ; jŷ1 � M c(x i )jig n

i =1
M r  QUANTILE REGRESSION(L r ; pr+ � )
return hM c; M r i

Function DARELPC( ~X; E; e d; X � ; o) :
Parameters: pr; �; �; V
~E  E
M ~E  LEARNCTRT( ~X; ~E; o; pr; �; � )
while Truedo

if CHECKLYAP( ~X; M ~E ; V; X � ) then
break

~E  SHRINKENV( ~E; ed)
M ~E  LEARNCTRT( ~X; ~E; o; pr; �; � )

return hM ~E ; ~E i

is used to generate a center functiony = M c(x) using regression. The radius functionM r is
obtained using QUANTILE REGRESSIONDekkers (2014) such thatpr + � fraction of data points
in L r satisfy thatjyi � M c(x i )j � M r (x i ), which gives the empirical conformance measure
p̂ = 1

n

P n
i =1 I (ŷi 2 M (x i )) for the obtainedM whereI is the indicator function. Using Hoeffd-

ing's inequality Hoeffding (1963), it follows that the real conformance measure of the constructed
perception contractM is at leastpr with probability at least1 � � .

Proposition 4 With probability at least1� � , the actual conformance measurep = Ex;e�D [I (o(x; e)
2 M (x))] of the computed perception contractM is at leastpr.

For certain environmentse 2 ~E, the system (2) may not be stable, and therefore, even a confor-
mant contract will not establish correctness. In Section 3.3, we will develop techniques for shrinking
the environment over which contracts are correct.

3.3. Requirement Guided Re�nement of Perception Contracts

We now present the Data and Requirement Guided Lyapunov Perception Contract (DARELPC)
algorithm (Algorithm 1), which uses LEARNCTRT to �nd a correct Lyapunov perception contract
and applies CHECKLYAP to verify asymptotic stability.

CHECK LYAP( ~X; M ~E ; V; X � ) The function CHECKLYAP takes as input a set of states~X , a can-
didate perception contractM ~E , a candidate Lyapunov functionV , and a target setX � . The function
�rst partitions ~X into �ne grids and computes the upper bound of time derivative ofV for each
partition via linear bound propagation tool CROWN Zhang et al. (2018). The function then checks
whether ~X nX � intersects with the region where_V 's upper bound is none negative. If no such in-
tersection exists, it implies that all states of~X nX � have a negative Lyapunov time derivative for the
system_x 2 f (x; M (x)) . According to Theorem 1, this meansV is a valid Lyapunov function with
respect toX � . Otherwise, asymptotic stability is not guaranteed.

Verifying the Lyapunov condition over the entire state space is challenging, especially since the
perception error—and thus the radius of the perception contract—can become too large for the con-
dition to hold. Therefore, DARELPC takes as input the region of interest~X � X , and environment
E0 sets, the target setX � , the parameters of LEARNCTRT and the candidate Lyapunov function.
DARELPC con�rms the correctness requirement of the computed Lyapunov perception contract by
checking ifV is a Lyapunov function of the system (3) with respect to setX � using CHECKLYAP.
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If V is indeed a Lyapunov function with respect toX � for system (3) then a Lyapunov perception
contractM ~E is found and the corresponding range of environment is returned. Otherwise, the algo-
rithm shrinks the range of allowed environment~E via the SHRINKENV. SHRINKENV takes a set of
environmental parameters~E and generates a new set of environmental parameters. The sequence
of sets generated by repeatedly apply SHRINKENV will monotonically converge to a singleton set
containing only a nominal environmented. DARELPC is sound, in the sense that:

Theorem 5 The outputM ~E of AlgorithmDARELPCis ah~E; X � i -LPC for system_x = f (x; o(x; e)) .

Under the assumption that vision-based system is asymptotically stable under nominal environment
ed, we are also able to show that DARELPC is complete.

4. Case Study: Visual Auto Landing

AutoLand is a vision-based auto-landing system for �xed-wing aircraft. The system consists of
a DNN-based pose estimator and a controller that uses the estimated pose to guide the aircraft
along a reference trajectory with constant slope (See Figure 1). The system dynamics (2) is de�ned
in terms of error dynamics with respect to this reference trajectory.AutoLand-like systems are
being developed for various types of aircraft to land in GPS-denied scenarios and airports without
expensive Instrument Landing Systems (ILS). The target setX � is a bounded region where the
error between aircraft state and reference state should is less than 3.6m (FAA). For our analysis, we
developed a detailed simulation of the aircraft dynamics, the controller, and the perception pipeline
implemented with visual pose estimation.

4.1. AutoLand control system with DNN-based pose estimator

The state spaceX of the AutoLand system is de�ned by the state variables(xxx; ��� ), wherexxx =
(x; y; z), ��� = ( �; �;  ) (roll,pitch,yaw) are position and orientation of aircraft. The perception
pipeline functions as an observer, denoted byo, which estimates the aircraft's positional states
relative to the touchdown point. Speci�cally, the observation spaceY is de�ned by the estimated
position(x̂; ŷ; ẑ). The orientation��� are excluded from the observation space, as they are directly
measured by onboard sensors, such as gyroscopes, rather than inferred from vision.

Dynamics. In this work, we use the simpli�ed aircraft dynamics from Nakamura and Savant
(1992)

�
_x_x_x
_�_�_�

�
=

�
b1 0
0 B2

� �
u1

u2

�
(4)

whereu1(t) = v(t) is the velocity of the aircraft andu2(t) = www(t) = ( wx ; wy ; wz), represents the
angular velocity of the aircraft and

b1(��� ) = (cos  cos�; sin  cos�; � sin � )T (5)

B2(��� ) =

0

@
1 sin� cos� cos� sin �
0 cos� � sin �
0 sin� sec� cos� sec�

1

A (6)
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A reference trajectory de�ned by reference positionxxxr , reference orientation��� r , reference velocity
vr and reference angular velocitywwwr is given to guide aircraft to safely land toward the runway. This
reference approach trajectory begins2:3 kilometers from the touchdown point at an attitude of120
meters, with a descend slope of� 3� in the z direction, and maintains a constant speed of10m=s.

Lyapunov function and Controller DenoteB2r = B2(��� r ) beB2 matrix taking reference angles;
R be the rotation matrix from the local frame to inertial frame. The error state is derived asxxxe =
RT (xxxr � xxx) for positional error and��� e = ��� r � ��� for rotational error.

We adopt the control policy from Nakamura and Savant (1992) by replacing actual error states
(xe; ye; ze) with the observed error states(x̂e; ŷe; ẑe) as

u1 = vr cos e cos� e � 
 2x̂e (7)

u2 = wwwr + B � 1
2 f (B2r � B2)wwwr + pe + q̂g (8)

where
 = 2 , pe = ( k1 sin � e; k2 sin � e; k3 sin  e)T , kkk = ( k1; k2; k3)T = (5 ; 5; 5)T and q̂ =
(0; � ẑevr

k2
; ŷevr cos� e

k3
)T .

We consider the following Lyapunov function:

V =
1
2

xxxT
e xxxe + kkkT f (��� e) (9)

wheref (��� e) = (1 � cos� e; 1 � cos� e; 1 � cos e)T . From the requirement that the error between
aircraft state and reference state is less than 3.6m, we formally de�neX � = f (xxxe; ��� e)jV (xxxe; ��� e) �
6:48g and chooseW (xxxe; ��� e) = 0 :001for all (xxxe; ��� e) 2 X nX � .

Vision-based observer. The observations(x̂; ŷ; ẑ) are computed using a realistic perception pipeline
composed of three functions (Figure 1): (1) The airplane's frontcameragenerates an image. (2) A
key-point detectordetects speci�c key-points on the runway in that image using U-Net Ronneberger
et al. (2015). In this case study, we use the U-Net implementation from Alexandre (2013). (3)
Pose estimatoruses the detected key-points and the prior knowledge of the actual positions of those
key-points on the ground to estimate the pose of the aircraft. This last calculation is implemented
using the perspective-n-point algorithm Fischler and Bolles (1981). Apart from the impact of the
environment on the image, the observer is deterministic.

Environment. We consider two different environments: 1) a simulated environment rendered
using Gazebo and 2) Google Earth data for Heathrow and O'Hare airports pulling using CesiumJS.
For the Gazebo simulation, we study the effects of the ambient light intensity in [0.2, 1.2] and
the position of the sun, represented by a spotlight with angle[� 0:1; 0:6]. The effect of different
environmental parameters is shown in Figure 2. These ranges are chosen to include a nominal
environmented = (1 :0; 0). For the data from Google Earth, we choose ambient light intensity
between[0:6; 1] and snow level[0; 0:4] as E0. The effect of these environmental parameters is
shown in Figure 3. The nominal environment in this case ised = (1 :0; 0:0) corresponding to no
change in lighting and no snow.

4.2. Safety Analysis ofAutoLand with Gazebo Data

We �rst apply DARELPC on theAutoLandsystem for data from Gazebo simulator. The algorithm
outputs an environmental condition~E � E and a correspondingh~E; X � i -Lyapunov perception
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